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MOTIVIC MEASURES THROUGH WALDHAUSEN K-THEORIES
ALAMEDDIN, ANWAR
Abstract. In this paper we introduce the notion of a cdp-functor to a Waldhausen category.
We show that such functors admit extensions that satisfy the excision property, to which we
associate Euler-Poincare´ characteristics that send the class of a proper scheme to the class of
its image. As an application, we show that the Yoneda embedding gives rise to a monoidal
proper-fibred Waldhausen category over Noetherian schemes of finite Krull dimensions, with
canonical cdp-functors to its fibres.
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1. Introduction
In this paper, we set out to investigate the connection between motivic measures and Wald-
hausen K-theories by means of the completely decomposed proper (cdp) Grothendieck topology.
Motivic measures are connected to fundamental questions in algebraic geometry. For in-
stance, the motivic measure of counting rational points over a finite field gives rise to the
Hasse-Weil zeta function through applying it to symmetric powers, as it was first shown by
Kapranov in [Kap00]. Also, Larsen-Lunts motivic measure, which takes value in the monoid
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ring of stable birational classes of algebraic varieties over a field, has important applications in
birational algebraic geometry, see [LL03] and [GS14]. Other important questions are tackled
through the universal motivic measure, which takes value in the Grothendieck ring of varieties,
see [NS11] and [DL04]. This ring is not fully understood; for instance, only recently the class
of the affine line was shown to be a zero divisor for a field of characteristic zero, see [Bor15].
More generally, for a category with a set of distinguished sequences (e.g. subtraction se-
quences, exact sequences, cofibre sequences, distinguished triangles), its Grothendieck group is
the group generated by isomorphism classes of objects module splitting the sequences. It can
be though of as a decategorification of the category, with respect to the considered sequences.
For a category with an exact structure, Quillen introduced a higher algebraic K-theory, that
extends the Grothendieck group, see [Qui73]. That was generalised by Waldhausen in [Wal85],
who defined what is now called a Waldhausen structure, to which he associated an algebraic
K-theory spectrum whose path components group coincides with its Grothendieck group.
Several motivic measures arise from (co)homology theories with proper1 support, i.e. they
satisfy the excision property. For instance, the Hodge measure and the Hodge characteristic
arise from the mixed Hodge structure on singular cohomology with rational coefficients and
proper support over the complex numbers, see [Sri14]; whereas the ℓ−adic motivic measure
arises from the ℓ-adic cohomology with proper support. The latter, also gives rise to the
classical measure of counting rational points over a finite field through the trace formula, see
[Mus13].
Some motivic measures arise from weak monoidal functors (Schft/Spropopen,×, idS) → (C ,∧,1)
that satisfy the excision property, where C is a symmetric monoidal Waldhausen category
and Sch
ft/Spropopen is the category whose objects are S-schemes and whose morphisms are finite
compositions of proper morphisms and formal inverses of open immersions, for a base scheme
S. In fact, every weak monoidal functor G ∶ (Schft/Spropopen,×, idS) → (C ,∧,1) that satisfies the
excision property induces a motivic measure µG ∶ K0(Sch
ft/S) → K0(C ), which sends the class of
an S-scheme x to the class of G(x).
The aforementioned cohomology theories arise from plain cohomology theories (that do not
satisfy the excision property), and both versions coincide for proper schemes, over the base.
Then, it becomes natural to ask for a scheme S,
when does a weak monoidal functor F ∶ Prop/S → C , from the category of proper S-
schemes to a symmetric monoidal Waldhausen category, admit a properly supported
extension? I.e., when does F give rise to a weak monoidal functor F c ∶ Schft/Spropopen → C
that satisfies the excision property and restricts to F on the category Prop/S?
On the one hand, Gillet-Soule´ motivic measure, that takes value in the Grothendieck group
ofK0-motives with rational coefficients is based on sending cdp-squares
2 to homotopy Cartesian
squares, see [GS96] and [GS09]. Also, the aforementioned cohomology theories send cdp-squares
of proper S-schemes to (homotopy) pushout squares. On the other hand, when S = Speck, for
a field k of characteristic zero, there exists a motivic measure to a Waldhausen K0-group of
simplicially stable motivic spectra, introduced in [Ro¨n16], which relies on a presentation of
the Grothendieck group of k-varieties, in which the generators are classes of smooth projective
k-varieties and the relations are induced by blow up squares, recalled in Theorem 2.4. That
1They are usually called cohomology theories with compact support.
2A cdp-square is a generalisation of a blow up square, see Definition A.10.
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led us to distinguish functors from proper S-schemes to a Waldhausen category that satisfy the
properties:
(PS1) closed immersions of proper S-schemes are mapped to cofibrations;
(PS2) the empty S-scheme is mapped to a zero object; and
(PS3) cdp-squares of proper S-schemes are mapped to pushout squares.
We call a functor that satisfies these properties a cdp-functor, and we use Nagata’s Compact-
ification Theorem to show that such functors admit properly supported extensions. Sending
cdp-squares of proper S-schemes to pushout squares accounts for the extensions being indepen-
dent of the choice of compactifications. The below theorem is our main result in that direction.
Theorem (4.31). Let S be a Noetherian scheme of finite Krull dimension, and assume that
F ∶ (Prop/S,×, id
S
) → (C ,∧,1) is a weak monoidal cdp-functor to a symmetric monoidal Wald-
hausen category. Then, there exists a functor
F c ∶ (Schft/S
prop
open,×, idS) → (C ,∧,1),
and there exists a natural isomorphism ϕ ∶ F ∼⇒ F c∣Prop/S , such that
● F c satisfies the excision property, i.e. for every closed immersion i ∶ v ֒ XÐ→ x of S-
schemes with complementary open immersion j ∶ u ֒ ○Ð→ x, the sequence
F c(v) i!Ð→ F c(x) j
!
Ð→ F c(u)
is a cofibre sequence in C , where i
!
∶= F c(i) and j! ∶= F c(jop); and
● F c is weak monoidal, i.e. F c is lax monoidal whose coherence morphisms
φcx,y ∶ F c(x) ∧F c(y) → F c(x × y) and φcS ∶ 1→ F (idS)
are weak equivalences in C , for every S-schemes x and y.
Therefore, there exists a motivic measure
µ
F
∶ K0(Sch
ft/S) → K0(C ),
that sends the class of a proper S-scheme p to the class of F (p).
In general, a Grothendieck group is thought of as a shadow of a richer structure, a K-theory
spectrum, that encodes deeper information about the category one started with. The category
of S-schemes does not admit a Waldhausen structure, due to the lack of enough cokernels.
Recently, Zakharevich introduced, in [Zak17], the notion of an assembler, and used it to define
a spectrum whose path components group coincides with the Grothendieck group of k-schemes,
for a field k. Then, Campbell defined a variation of a Waldhausen structure, called a semi-
Waldhausen structure, on the category k-schemes, in which closed immersions play the role of
cofibrations, resulting in an E∞-ring spectrum with the same property, see [Cam17].
For a Noetherian scheme S of finite Krull dimension, we propose a K-theory commutative
ring spectrum K(C ω(S)) as an extension of the (modified) Grothendieck ring of S-schemes.
The spectrum K (C ω(S)) is obtained through the cdp-cosheafification of the pointed Yoneda
embedding on proper S-schemes, and it comes with a canonical cdp-functor h ∶ Prop/S → C ω(S)
to its presenting Waldhausen category.
Conjecture (5.6). The canonical motivic measure µ
uh
∶ K0(Sch
ft/S) → Kuh0 (Sch
ft/S) that takes
value in the modified Grothendieck ring of S-schemes, is isomorphic to the motivic measure
µ
cdp
∶ K0(Sch
ft/S) → K0 (C ω(S)), given in (34).
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In fact, the spectrum K (C ω(S)) arises from a fibre of a monoidal proper-fibred Waldhausen
category over Noetherian schemes, as in §.5.2.
Investigating the geometric information encoded in the higher K-groups of the spectrum
K (C ω(S)) and validating Conjecture 5.6 will be considered in a future work.
1.1. Outline. Sections 2 and 3 recall basics of motivic measures and Waldhausen K-theory,
respectively.
Section 4 begins with an account on compactifications, needed to extend cdp-functors. Af-
terwards, we prove the existence of properly supported extensions for cdp-functors. Then, we
provide a brief outline on how to compactify functors that do not satisfy the properties (PS2)-
(PS3). That is applied to the Yoneda embedding, in §.5, to obtain a monoidal proper-fibred
Waldhausen category over Noetherian schemes, with canonical cdp-functors to its fibres.
The paper assumes the reader’s familiarity with basics of category theory, as in [ML98]. In
the Appendix A, we briefly recall some of the needed results on Grothendieck sites. Also, we
study representable sheaves in some non-canonical topologies, which are utilised in section 5.
1.2. Conventions and Notations. Throughout this paper, all schemes are assumed to be
Noetherian of finite Krull dimensions and separated over the ring of integers3, and Noe
fd
denotes
the category of such schemes and their morphisms. In particular, all morphisms in Noe
fd
are
separated. For a scheme S in Noe
fd
,
● an S-scheme refers to a finite type morphism of schemes to S;
● Schft/S denotes the category of S-schemes and their morphisms;
● Prop/S denotes the full subcategory in Schft/S of proper S-schemes; and
● Var/S denotes the full subcategory in Schft/S of reduced S-schemes, where an S-scheme
is said to be reduced when its underlying scheme is reduced. An object in Var/S is called
an S-variety.
We use small Latin letters to denote S-schemes, and the corresponding capital letters to denote
their underlying schemes.
For a set C of objects in Sch
ft/S, and for sets P and I of morphisms in Schft/S that are closed
under compositions and contain the isomorphisms of S-schemes, we denote the subcategory in
Sch
ft/S whose objects belong to C and whose morphisms belong to P by C P , whereas the
category (C I )op is denoted by CI . Also, we denote the category whose objects belong to
C and whose morphisms are finite compositions of morphisms in P and formal inverses of
morphisms in I by C P
I
.
Following Mac Lane’s proposal in [ML69], we assume and fix a model for Zermelo-Fraenkel set
theory with the axiom of choice (ZFC), in which we assume and fix an uncountableGrothendieck
universe U, see [SGA73, Expose´ I.§.0]. Then, a set refers to an object in the assumed ZFC
model, a small set refers to an element in U, and a class refers to a subset in U. We denote by
● Set the category of small sets and maps between them; and
● CAT the category of large categories and functors between them.
Reader interested in motivations for the adopted foundations may consult [ML69] and [Shu08].
3One may alternatively assume that relative schemes are separated over the base.
MOTIVIC MEASURES THROUGH WALDHAUSEN K-THEORIES 5
Acknowledgements: I am thankful to Vladimir Guletski˘ı for his directions during my PhD
study and for introducing me to the subjects that resulted in this paper. Also, I would like
to thank Oliver E. Anderson for useful discussions about schemes and the h-topology. I am
thankful for the Department of Mathematical Sciences at the University of Liverpool for the
financial support during my PhD study, and for Qian Wang for the financial support while
working on this paper.
2. Motivic Measures
Throughout this section, we fix a scheme S in Noe
fd
. A generalised Euler-Poincare´ charac-
teristic over S with values in a group (G,+) is a map χ ∶ Ob(Schft/S) → G that is invariant
under isomorphisms and respects the scissors relations, i.e. χ(x) = χ(z) + χ(u) if there exists
a closed immersion z ֒ XÐ→ x of S-schemes with complementary open immersion u ֒ ○Ð→ x, see
[Mus13, p.73] and [DL01, p.5]. A motivic measure over S with values in a ring (R,+, ⋅) is a
generalised Euler-Poincare´ characteristic µ ∶ Ob(Schft/S) → R with value in (R,+) that respects
the Cartesian product of S-schemes, i.e. for S-schemes x and y, one has µ(x× y) = µ(x) ⋅µ(y).
In particular, when µ is surjective and (R,+,1) is unitary, one has µ(id
S
) = 1
R
.
The scissors relations imply that µ(∅
S
) = 0G, and µ(z) = µ(x), if there exits a surjective
closed immersion z ֒ XÐ→ x of S-schemes. Therefore, one may equivalently define motivic mea-
sures over S to be maps from Ob(Var/S) to rings that are invariant under isomorphisms and
respect the scissors relations and the Cartesian product in Var/S.
Example 2.1. Let Fq be a finite field with q elements. Then, there exists a motivic measure
µ# ∶ Ob(Schft/Fq) → Z, given for an Fq-scheme X by the cardinality of the set of Fq-points in
X , see [Mus13, Prop.2.1, Rem.2.2 and Rem.2.3]. It is called the motivic measure of counting
rational points over Fq.
Example 2.2. For a field k, H. Gillet and C. Soule´ used De Jong’s alterations of singularities
[dJ97] to define a covariant weight complex functor W ∶ Varprop/k → Kb(CHMeffQ (k)), where
K
b(CHMeffQ (k)) is the bounded homotopy category of complexes in effective Chow motive with
rational coefficient over k. In fact, that was obtained in greater generality. Then, using the
K-theory of coherent sheaves, they showed in [GS09, Th.5.9 and Cor.5.13] that the covariant
weight complex functor induces a motivic measure to the Grothendieck group of effective Chow
motive with rational coefficients over k, which sends the class of a smooth projective k-variety
to the class of its effective Chow motive. For a field of characteristic zero, that was obtained
using Hironaka’s resolution of singularities and Gersten complexes in [GS96].
The Grothendieck group of S-schemes, denoted by K0(Sch
ft/S), is the abelian group generated
by isomorphism classes of S-schemes module the scissors relations, i.e. module the relations
{ [x]=[z]+[u] there exists a closed immersion z ֒ XÐ→ x of S-schemes, with complementary open immersion u ֒ ○Ð→ x } ,
where [y] denotes the isomorphism class of an S-scheme y. We abuse notations, and let [y]
also denote image of the isomorphism class of y in the Grothendieck group. The Cartesian
product of S-schemes defines a commutative ring structure on the group K0(Schft/S), whose
multiplication ⋅ is given for S-schemes x and y by [x] ⋅ [y] ∶= [x×y]. The resulting ring is called
Grothendieck ring of S-schemes, in which one has 0 = [∅
S
], 1 = [id
S
], and [z] = [x] if there exits
a surjective closed immersion z ֒ XÐ→ x of S-schemes.
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Example 2.3. The canonical map [−] ∶ Ob(Schft/S) → K0(Schft/S), that sends an S-scheme to
its class, is an initial universal motivic measure over S. Hence, one might abuse notation and
call any ring homomorphism from K0(Schft/S) a motivic measure over S.
The Grothendieck ring of S-schemes was first introduced by Grothendieck in a letter to Serre
in 1964. Yet, it was not until 2002, when it was shown to contain zero divisors over a field
of characteristic zero, see [Poo02]. Also, in 2014, Borisov constructed two smooth Calabi-Yau
varieties over the complex numbers, and showed that a multiple of the difference between their
classes annihilates the class of the affine line, see [Bor15, Th.2.12]. That, in particular, answers
negatively the cut-and-past question of Larsen and Lunts, as in [LL03, Question 1.2].
Grothendieck Ring of Varieties in Characteristic Zero. For a field k of characteristic zero,
the ring K0(Schft/k) admits alternative presentations with a better-behaved set of generators.
Theorem 2.4. Let k be a field of characteristic zero. Then, the group K0(Schft/k) is isomorphic
to the abelian group generated by isomorphism classes of smooth connected projective (resp.
proper) k-varieties modulo the relations
● [∅] = 0; and
● [BlY X] − [E] = [X] − [Y ], for every smooth connected projective (resp. proper) k-
variety X and a closed smooth subvariety Y ֒ XÐ→ X , where BlY X is a blow-up of X
along Y with an exceptional divisor E.
Proof. See [Bit04, Th.3.1]. 
The Modified Grothendieck Ring of Varieties. In motivic integration, it is convenient to
consider a modified version of the Grothendieck ring of S-schemes, see [NS11]. Also, see [Har16].
Let Iuh
S
be the ideal in the Grothendieck ring of S-schemes generated by the set
{ [x]-[y] there exists a universal homeomorphism x→ y of S-schemes } .
The modified Grothendieck ring of S-schemes, denoted by Kuh0 (Schft/S), is the quotient ring
K0(Schft/S)/IuhS . We denote the quotient homomorphism K0(Schft/S)→ Kuh0 (Schft/S) by µuh .
Proposition 2.5. Let f ∶ x → y be a universal homeomorphism of Q-schemes. Then, f is a
piecewise isomorphism. Thus, for a Q-scheme S, the motivic measure µ
uh
is an isomorphism.
Proof. See [NS11, Prop.3.10 and Cor.3.11]. 
The motivic measure of counting rational points over a finite field, the ℓ-adic motivic measure
over a Noetherian base, and the Euler characteristic over a field factorise through the motivic
measure µuh, see [NS11, Prop.4.13]. In general, it is not know if µuh is an isomorphism.
3. Waldhausen K-Theory
For a category with a set of distinguished sequences (e.g. exact sequences, cofibre sequences,
distinguished triangles), its Grothendieck group is the abelian group generated by isomorphism
classes of objects module splitting the sequences. It can be though of as a decategorification of
the category, with respect to the considered sequences. For a category with an exact structure,
Quillen introduced an algebraic K-theory, that extends the Grothendieck group, see [Qui73].
That was generalised by Waldhausen in [Wal85], who defined what is now called a Waldhausen
structure, to which he associated an algebraic K-theory spectrum whose path components group
coincides with its Grothendieck group.
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Let C be a pointed category, i.e. a category with a zero object 0. A Waldhausen structure
on C is a pair (cC ,wC ) of subcategories in C that contain all isomorphisms in C such that
W1 the initial morphism 0 → U belongs to cC , for every object U ∈ C ;
W2 all pushouts along morphisms in cC exist in C , and cC is closed under pushouts; and
W3 for every solid commutative diagram
U V
W Z
⌟
U ′ V ′
W ′ Z ′
⌟
i′
i
in C , in which i, i′ belong to cC and the diagonal solid morphisms belong to wC , the
induced morphism Z → Z ′ belongs to wC , for Z ∶=W ∐
U
V and Z ′ ∶=W ′∐
U ′
V ′.
For a Waldhausen structure (cC ,wC ) on C , the triple (C ,cC ,wC ) is called a Waldhausen
category. and a morphism in cC (resp. wC ) is called a cofibrations (resp. weak equivalences) in
the Waldhausen structure. A cofibrations in cC is denoted by a feathered arrow ↣. Moreover,
if wC also satisfies the two-out-of-three property then the Waldhausen category is said to be
saturated.
When no confusion arise, we refer to the Waldhausen category (C ,cC ,wC ) by C .
Example 3.1. Let (C , τ) be an essentially small site. Then, the category of (finitely presented
objects of) pointed τ -sheaves of sets Shvτ (C ) admits a canonical Waldhausen structure, in
which cofibrations coincide with monomorphisms and weak equivalence coincide with isomor-
phisms.
Example 3.2. Let (A ,E ) be a Quillen exact category, let cA be the set of admissible
monomorphisms in E , and let wA be the set of isomorphisms in A . Then, (A ,cA ,wA )
is a Waldhausen category, see [TT90, §.1.2.9].
Waldhausen associated to an essentially small Waldhausen category C a spectrum K(C ),
through what is known as the Waldhausen S-construction, see [Wal85, §.1.3]. This spectrum
K(C ) is called the Waldhausen K-theory of C . For an integer n ≥ 0, the Waldhausen K-group
Kn(C ) is the homotopy group Kn(C ) ∶= πn K(C ). In particular, the Waldhausen K0(C ) group
admits a simple expression. That is, K0(C ) is isomorphic to the abelian group generated by
isomorphism classes of objects in C modulo the relations
(1) [U] = [V ] if there exists a weak equivalence U → V ; and
(2) [V ] = [U] + [V /U] for every cofibre sequence U ↣ V ↠ V /U ;
where a cofibre sequence in C is a cokernel sequence of a cofibration in C , and [X] denotes the
isomorphism class of an object X in C , see [TT90, §.1.5.6].
Example 3.3 (Eilenberg Swindle). Let C be an essentially small Waldhausen category that
is closed under countable coproducts. Then, the spectrum K(C ) is connected, i.e. the group
K0(C ) vanishes.
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One is usually interested in Waldhausen categories that satisfy some finiteness conditions,
which do not admit Eilenberg Swindle. Since finitely presented objects are closed under finite
colimits, given a Waldhausen category (C ,cC ,wC ), the full subcategory of its finitely presented
objects C c admits a Waldhausen structure (cC c,wC c), given by the restriction of the structure
(cC ,wC ) to C c, cf. (31).
Example 3.4. Let C be the category of spectra of pointed simplicial sets. Then, K0(C ) = 0
and K0(C c) = Z, see [Bon10, Prop.5.5.1].
Theorem 3.5. Let (A ,E ) be an essentially small Quillen exact category. Then, there exists a
natural homotopy equivalence between Quillen’s K-theory spectrum of (A ,E ) andWaldhausen’s
K-theory spectrum of the associated Waldhausen category, as in Example 3.2.
Proof. See [Wal85, §.1.9]. 
For Waldhausen categories C and D , a functor F ∶ C → D is said to be exact with respect to
the Waldhausen structures, if it preserves cofibrations, weak equivalences, and pushouts along
cofibrations. A natural transformation α ∶ F ⇒G ∶ C → D between exact functors is said to be
a weak equivalence if the components of α belong to wD , see [Wal85, p.330]. Then, an exact
functor F ∶ C → D between essentially small Waldhausen categories induces a map of spectra
K(F ) ∶ K(C ) → K(D), and a weak equivalence α ∶ F ⇒ G between exact functors induces a
homotopy K(F )⇒ K(G), see [Wal85, Prop.1.3.1].
3.0.1. Symmetric Monoidal Waldhausen Categories. A symmetric monoidal Waldhausen cate-
gory admits a symmetric monoidal structure and a Waldhausen structure that are compatible,
which endues its K-theory spectrum with a homotopy commutative monoid structure.
Definition 3.6. A symmetric monoidal Waldhausen category (C ,S ) is a pair of a Waldhausen
category C and a symmetric monoidal structure S = (∧,1∧, ψ,α,λ, ρ) on C such that
(1) the endofunctors X ∧ − and − ∧X are exact, for every X ∈ C ; and
(2) for cofibrations i ∶ U → V and i′ ∶ U ′ → V ′ in C , the pushout product
i ◻ i′ ∶ U ∧ V ′ ∐
U∧U ′
V ∧U ′ → V ∧ V ′
is a cofibration in C .
Example 3.7. Let FSet● be the Waldhausen category of pointed finite sets whose cofibrations
(resp. weak equivalences) are monomorphisms (resp. isomorphisms). Recall that Barratt-
Priddy-Quillen Theorem implies K(FSet●) ≅ S, where S = (S0, S1, S2, . . .) is the sphere spectrum,
see [Rog10, Th.8.9.3]. The smash product endues the category FSet● with a symmetric monoidal
structure, with a unite ∗+ = (∗∐∗,∗), making it into a symmetric monoidal Waldhausen
category. For a pointed finite set (X,x), one has [(X,x)] = ∣X ∖ {x}∣ ⋅ [∗+] ∈ K0(FSet●).
For an essentially small symmetric monoidal Waldhausen category (C ,S ), there exists an
exact functor of Waldhausen categories
υC ∶ FSet● → C , (1)
for which υC ((X,x)) ≅ ∐X∖{x} 1∧, for every pointed finite set (X,x). Hence, there exists
a map of spectra K(υC ) ∶ S ≅ K(FSet●) → K(C ). On the other hand, the monoidal product
defines a paring K(∧) ∶ K(C ) ∧ K(C ) → K(C ), see [Wal85, p.342]. Then, the coherence natural
isomorphisms of the monoidal structure induce a homotopy commutative monoid structure on
the Waldhausen K-theory spectrum K(C ), i.e. they make K(C ) into a ring spectrum, see [BM11,
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Cor.2.8]. In particular, K0(C ) is a ring and its ring characteristic Z → K0(C ) is given by the
ring homomorphism K0(υC ).
Example 3.8. Recall Example 3.1, for an essentially small site (C , τ), the Waldhausen category
of pointed τ -sheaves of sets on C is a symmetric monoidal Waldhausen category, whose monoidal
product is given by the smash product. The unit of the symmetric monoidal structure is given
by ∗+ = (∗∐∗,∗), whereas the smash product of pointed τ -sheaves (X , x) and (Y , y) is given
by the pushout of the span
X ∐Y X ×Y
∗
(idX × y)∐(x × idY )
in Shvτ (C ), with the canonical base-point.
An exact functor F ∶ C → D between symmetric monoidal Waldhausen categories is said to
be weak monoidal if it is lax monoidal such that the coherence morphism F (X) ∧D F (Y ) →
F (X ∧C Y ) belongs to wD for every X,Y ∈ C , and so is the coherence morphism 1D → F (1C ).
For a weak monoidal exact functor F ∶ C → D between essentially small symmetric monoidal
Waldhausen categories, the map of spectra K(F ) ∶ K(C )→ K(D) is a morphism of ring spectra.
4. Properly Supported Extensions
In this section4, we show that a weak monoidal functor F ∶ Prop/S → C , to a symmetric
monoidal Waldhausen category, admits a properly supported extension F c ∶ Schft/Spropopen → C ,
when it satisfies the properties (PS1)-(PS3). In which case, it defines a motivic measure to
K0(C ), given by sending the class of a proper S-scheme to the class of its image along F , see
Theorem 4.31.
We begin by defining compactifications of S-schemes, and we show the category of com-
pactifications to be cofiltered5, as in Corollary 4.7, which is the main ingredient used to define
properly supported functors on morphisms. Then, in §.4.2, we define the extension F c, and
study its properties leading to the construction of the desired motivic measure in §.4.2.7. Fi-
nally, we describe how one may proceed when F is not weak monoidal or does not satisfy the
properties (PS2)-(PS3).
4.1. Compactifications. Our notions of compactifications of S-schemes and their morphisms
differ slightly from the notions usually used in the literature, e.g. as in [CD13, §.2.2.8]. These
notions were essentially motivated by the argument in [GS96], Corollary 4.7, and Definition
4.15. Then, after becoming aware of subtraction sequences in [Cam17], they were altered to the
current form, which both strengthens the result and simplifies the proofs.
Definition 4.1. Let x be an S-scheme. A compactification of x is a closed immersion i ∶ z ֒ XÐ→ p
of proper S-schemes with complementary open immersion j
i
∶ x ֒ ○Ð→ p. Let i ∶ z ֒ XÐ→ p and
l ∶ w ֒ XÐ→ q be a pair of compactifications of S-schemes x and y, respectively. A morphism of
4This section does not require restricting Noetherian schemes to those of finite Krull dimensions.
5Our notion of a morphism of compactifications differs from that usually used in the literature.
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compactifications (f, g) ∶ i→ l is a solid commutative square
w ×q p
z
p
w q
⌜
g
Ò
l
Ò
i
f
Ò
Ò
(2)
in Sch
ft/S, for which the unique morphism z ֒ XÐ→ w ×q p of S-schemes, induced by the universal
property of pullbacks, is surjective.
For a morphism of compactifications (f, g) ∶ i → l, the morphism f is uniquely determined
by g, when it exists, as l is a monomorphism of S-schemes. Hence, when no confusion arise, we
may denote this morphism of compactifications by g ∶ i→ l.
A compactification i ∶ z ֒ XÐ→ p of an S-scheme x induces a complementary open immersion
x ֒ ○Ð→ p, which is unique up to isomorphisms, and we denote by j
i
. Since open complements
are closed under pullbacks and both z and w ×q p in (2) have the same open complement in p,
the morphism of compactifications g ∶ i→ l induces a Cartesian square
x p
y q
⌜
gg∣x
○
j
i
○
j
l (3)
in Sch
ft/S. One may alternatively define the morphism of compactifications g ∶ i → l to be the
solid outer square in (2) that induces the Cartesian square (3).
Remark 4.2. Although, the existence of the Cartesian square (3) does not imply the existence
of a morphism of compactifications (f, g) ∶ i → l, it defines a morphism of compactifications
i
red
→ l, where i
red
is the composition of i with the surjective closed immersion z
red
֒ XÐ→ z.
One may be tempted to define a morphism of compactifications as a Cartesian square, without
invoking the additional surjective closed immersion. However, our need to induce a morphism
of compactifications from the Cartesian square (3), to prove Proposition 4.5 and Proposition
4.6, is the reason for the adopted notion of a morphism of compactifications.
Compactifications of S-schemes and their morphisms form a category, with the evident com-
position and identity maps, which we denote by Comp
S
. For an S-scheme x, let Comp
S
(x)
denote the subcategory in Comp
S
whose objects are compactifications of x and whose mor-
phisms are morphisms of compactifications that restrict to isomorphisms on x. That is, a
morphism g ∶ i′ → i of compactifications of x belongs to Comp
S
(x) if and only if idx is a
base change in Sch
ft/S of g along j
i
. The restriction imposed on morphisms in Comp
S
(x) is
needed for Corollary 4.7, and for the cofibres in Remark 4.11 to be independent of the choice
of compactifications.
Before we proceed, we need to recall the following technical result, which we utilise on
multiple occasions.
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Lemma 4.3. Let i ∶ v ֒ XÐ→ x be a closed immersion and j ∶ x ֒ ○Ð→ q be an open immersion of
S-schemes, and let i′ ∶ p ֒ XÐ→ q be the scheme-theoretic image of the immersion j ○ i. Then, the
unique morphism j′ ∶ v → p of S-schemes for which j ○ i = i′ ○j′ is an open immersion. Moreover,
the square
p
x q
v ⌜
Òi′Òi
○
j
○
j′
is Cartesian in Sch
ft/S.
Proof. Consider the commutative diagram
px ×q p
x q
v
⌜
Òi′
○
j
Òi′
○
j
l
Òi
j′
(4)
in Sch
ft/S, where l is the unique morphism v → x ×q p of S-schemes that makes the diagram
commute. Since j ○ i is an immersion, so is j′. All the underlying schemes of the S-schemes
in the diagram (4) are Noetherian; hence the immersion j′ = j ○ l is quasi-compact, see [Sta17,
Tags 01OX and 01T6], and it factorises in Sch
ft/S as an open immersion followed by a closed
immersion, see [Sta17, Tag 01QV]. Then, j′ is an open immersion, as i′ is the scheme-theoretic
image of j ○ i = i′ ○ j′. Hence, l is also an open immersion. On the other hand, since i and i′
are closed immersions, so is l, which is also surjective because i′ the scheme-theoretic image of
j ○ i. Therefore, l is a surjective open immersion, and hence an isomorphism. 
The Category of Compactifications. Since the notions of compactifications and their mor-
phisms used here differ from those in the literature, we need to prove that the category
Comp
S
(x), and certain subcategories of which, are cofiltered, for every S-scheme x. This is
the main tool used to extend a functor F ∶ Prop/S → C that satisfies the properties (PS1)-
(PS3) to a functor F c ∶ Schft/Spropopen → C that satisfies the excision property.
Recall that a nonempty category J is cofiltered if
● for every X0,X1 ∈ J there exists a span X0 ←X →X1 in J ; and
● for every parallel morphisms f0, f1 ∶ X0 ⇉ X1 in J , there exists a refining morphism
f ∶X →X0 in J for which f0 ○ f = f1 ○ f .
For every S-scheme x, we start by showing the category Comp
S
(x) to be nonempty, then
Proposition 4.5 provides the existence of the desired spans, and Proposition 4.6 gives the refining
morphisms.
Remark 4.4. Due to Nagata’s Compactification Theorem, as in [Nag62] and [Nag63], every
S-scheme x admits an open immersion j ∶ x ֒ ○Ð→ p into a proper S-scheme p. Let i
j
∶ z ֒ XÐ→ p be
a complementary closed immersion to j, endued with the reduced induced structure. Then, i
j
is
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a compactification of x, and hence Comp
S
(x) ≠ ∅. In particular, when p is a proper S-scheme,
the category Comp
S
(p) has an initial object, namely ∅p ∶ ∅S ֒ XÐ→ p.
Proposition 4.5. Assume that f ∶ x → y is a proper morphism of S-schemes, and let i ∶
z ֒ XÐ→ p and l ∶ w ֒ XÐ→ q be compactifications of x and y, respectively. Then, there exists a
compactification i′ ∶ z′ ֒ XÐ→ p′ of x and morphisms of compactifications h′ ∶ i′ → i and g′ ∶ i′ → l,
such that idx (resp. f) is a base change in Sch
ft/S of h′ (resp. g′) along j
i
(resp. j
l
), where
j
i
∶ x ֒ ○Ð→ p and j
l
∶ y ֒ ○Ð→ q are complementary open immersions of i and l, respectively.
Proof. In line with the arguments in [GS96, §.2.3,p.141] and [Sta17, Tags 0ATU and 0A9Z],
consider the solid commutative diagram
x p
Γf Γf
x × y p × q
y q
h′
g′
h
g
f
○
j
i
○
j
l
○
j
i
× j
l
Òc
○
j
Òc′
(5)
in Sch
ft/S, that is induced by the existence of Cartesian products in Schft/S and the definition
of the graph Γf of f . Since open immersions are closed under pullbacks and compositions, the
morphism j
i
× j
l
is an open immersion. Let h (resp. g) be the composition of the Cartesian
product projection x × y ↠ x (resp. x × y ↠ y) with the closed immersion c ∶ Γf ֒ XÐ→ x × y,
let c′ ∶ Γf ֒ XÐ→ p × q be the scheme-theoretic image of (ji × jl) ○ c, and let h′ (resp. g′) be the
composition of the Cartesian product projection p × q ↠ p (resp. p × q ↠ q) with the closed
immersion c′ ∶ Γf ֒ XÐ→ p × q.
There exists an open immersion j for which (j
i
×j
l
)○c = c′○j, by Lemma 4.3. The composition
h ∶ Γf ֒ XÐ→ x×y↠ x is an isomorphism, see [Gro60, p.134]. Thus, there exists a compactification
i′ ∶ z′ ֒ XÐ→ Γf of x, where i′ is a complementary closed immersion to j ○ h-1 ∶ x ֒ ○Ð→ Γf , endued
with the reduced induced structure.
Consider the commutative diagram
x
Γf
y q,
Γf ×q y⌜
f
g
′g
′
○
j ○ h
-1
○
j
l
○
j
l
j
′
induced by the universal property of pullbacks in Sch
ft/S. Since j ○h-1 is an open immersion, so
is j′. The morphism g′ is proper, and so is g′, by [Gro61, Prop.5.4.2]. Since f is also proper,
[Gro61, Cor.5.4.3(i)] implies that the immersion j′ is proper, and hence a closed immersion,
by [Gro67, Cor.18.12.6]. Since c′ is the scheme-theoretic image of (j
i
× j
l
) ○ c ○ h-1 and j′ is a
closed immersion, j′ is also surjective. Thus, j′ is an isomorphism for being a surjective open
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immersion. Therefore, g′ defines a morphism of compactifications g′ ∶ i′ → l, as in Remark 4.2,
because the underlying scheme of z′ is reduced. Moreover, f is a base change in Sch
ft/S of g′
along j
l
.
Similarly, one sees that there exists a morphism of compactifications h′ ∶ i′ → i such that idx
is a base change in Sch
ft/S of h′ along j
i
. 
Proposition 4.6. Let x and y be S-schemes, let i ∶ z ֒ XÐ→ p and l ∶ w ֒ XÐ→ q be compactifications
of x and y, respectively, and suppose that (f0, g0), (f1, g1) ∶ i → l are parallel morphisms of
compactifications. Then, there exist an S-scheme x′, a compactification i′ ∶ z′ ֒ XÐ→ p′ of x′,
and a morphism of compactifications (f, g) ∶ i′ → i for which (f0, g0) ○ (f, g) = (f1, g1) ○ (f, g).
Moreover, when g0∣x = g1∣x , the S-scheme x
′ can be chosen to be x, and the morphism g can be
chosen such that idx is a base change in Sch
ft/S of g along j
i
.
Proof. Let j
i
∶ x ֒ ○Ð→ p and j
l
∶ y ֒ ○Ð→ q be complementary open immersions of i and l, respec-
tively, and let gk ∣x ∶ x → y be a base change in Sch
ft/S of gk along jl , for k = 0,1. Consider the
solid diagram
p
Γg1
Γg0 p × q
p′ ⌜
q
x
Γg1 ∣x
Γg0 ∣x x × y
x′ ⌜
y
Òi′1
Ò
i
′
0
h0
○
j0
○ j1○
j
′
○
j
i
× j
l
○
j
i
○
j
l
h1
πq
Òi1
Ò
i0
πy
h0
h1
Òi1
Ò
i0
Òi′1
Ò
i
′
0
(6)
of S-schemes, which is induced by the definition of the graphs Γgk ∣x and Γgk of gk ∣x and gk,
respectively, for k = 0,1. In the solid diagram (6), the side subdiagrams are commutative,
but the front and back faces are not necessarily commutative. The morphisms hk and hk are
the unique morphisms that factorise (idx, gk ∣x) and (idp, gk) in Schft/S as ik ○ hk and ik ○ hk,
respectively, for k = 0,1. Whereas, the morphisms πx, πy, πp and πq are the Cartesian products
projections.
The proof is based on basic constructions on this solid diagram, and follows through com-
mutative subdiagrams chase.
The morphisms hk and hk are isomorphisms with inverses πx ○ ik and πp ○ ik, respectively, for
k = 0,1. In particular, we have an open immersion jk ∶ Γgk ∣x ֒ ○Ð→ Γgk , given by jk = hk ○ ji ○ h
-1
k ,
for k = 0,1. Then, the horizontal square containing j0 and the vertical square containing j1 are
commutative, i.e. ik ○ jk = (ji × jl) ○ ik, for k = 0,1.
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Let x′ be the fibre product Γg0 ∣x ×x×y Γg1 ∣x , with the fibre product projections i′0 and i′1, and
let p′ be the fibre product Γg0 ×p×q Γg1 , with the fibre product projections i′0 and i′1. Then,
there exists a unique morphism x′ → p′ of S-schemes, induced by the universal property of fibre
products, making the squares containing it commute, which we denote by j′.
In fact, a diagram chase shows the two squares that contain the morphism j′ to be Cartesian
in Sch
ft/S, as j
i
×j
l
, i
′
k and i
′
k are monomorphisms of S-schemes, for k = 0,1. Then, in particular,
j′ is an open immersion, and there exists a compactification i′ ∶ z′ ֒ XÐ→ p′ of x′, where i′ is a
complementary closed immersion to j′, endued with the reduced induced structure.
To establish the desired morphism of compactifications, notice that
h
-1
1 ○ i′0 = (πx ○ i1 ○ h1) ○ (h-11 ○ i′0) = πx ○ i1 ○ i′0 = πx ○ i0 ○ i′1 = (πx ○ i0 ○ h0) ○ (h-10 ○ i′1) = h-10 ○ i′1,
and similarly, h
-1
1 ○ i′0 = h
-1
1 ○ i′1. Let g ∶= h
-1
1 ○ i′0 = h
-1
0 ○ i′1, then the morphism h-11 ○ i′0 = h-10 ○ i′1 is
a base change in Sch
ft/S of g along j
i
, which we denote by g∣x′ . Since the square
x′ p
′
x p
⌜
ÒgÒg∣x′
○
j′
○
j
i
is Cartesian in Sch
ft/S and the underlying scheme of z′ is reduced, there exists a morphism of
compactifications (f, g) ∶ i′ → i, for the unique morphism f ∶ z′ → z that factorises g ○ i′ in
Sch
ft/S as i ○ f , see Remark 4.2. Then, one has
g0 ○ g = (πq ○ i0 ○ h0) ○ (h-10 ○ i′1) = πq ○ i0 ○ i′1 = πq ○ i1 ○ i′0 = (πq ○ i1 ○ h1) ○ (h-11 ○ i′0) = g1 ○ g,
and hence l ○ f0 ○ f = g0 ○ g ○ i′ = g1 ○ g ○ i′ = l ○ f1 ○ f . Since l is a monomorphism of S-schemes,
one has (f0, g0) ○ (f, g) = (f1, g1) ○ (f, g).
Moreover, when g0∣x = g1∣x , the universal property of pullbacks implies the existence of a
morphism x→ x′ in Schft/S that factorises the isomorphism h0 = h1. Since i′0 is a closed immer-
sion, such a morphism x→ x′ is an isomorphism. Pullbacks are determined up to isomorphisms;
thus, we may choose x′ to be x, in which case idx is a base change in Sch
ft/S of g along j
i
. 
Corollary 4.7. Let x be an S-scheme. Then, the category Comp
S
(x) is cofiltered.
Proof. Since S is a Noetherian scheme6, Nagata’s Compactification Theorem implies that
Comp
S
(x) is nonempty, as seen in Remark 4.4. Then, the statement of the corollary is a
direct result of Proposition 4.5, for f = idx, and Proposition 4.6. 
Let f ∶ x→ y be a morphism of S-schemes, and let l ∶ w ֒ XÐ→ q be a compactification of y. We
denote by Comp
S
(f, l) the full subcategory in Comp
S
(x) that satisfies the property
a compactification i of x belongs to Comp
S
(f, l) if and only if it admits a morphism of
compactifications g ∶ i→ l such that f is a base change in Schft/S of g along j
l
.
Also, let Comp
S
(f) denote the full subcategory in Comp
S
(x) of compactifications of x that
belong to Comp
S
(f, l) for some compactification l of y.
6In the light of [Con07], one may generalise most statements in this section to a quasi-compact quasi-separated
base scheme S.
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Corollary 4.8. Assume that f ∶ x → y is a proper morphism of S-schemes, and let l ∶ w ֒ XÐ→ q
be a compactification of y. Then, the category Comp
S
(f, l) is co-cofinal in Comp
S
(x), and so
is Comp
S
(f). Moreover, the categories Comp
S
(f, l) and Comp
S
(f) are cofiltered.
Proof. A direct consequence of Proposition 4.5, Proposition 4.6, and [Tam94, Ch.0.§.3.2-3]. 
4.2. Extensions of cdp-Functors. Throughout this subsection, let F ∶ Prop/S → C be a
functor to a Waldhausen category that satisfies the properties (PS1)-(PS3). The functor F
extends to a functor F c ∶ Schft/Spropopen → C that satisfies the excision property, as in Proposition
4.28. Moreover, for a symmetric monoidal Waldhausen category C , if F is weak monoidal, then
so is F c, as in Proposition 4.30. The main statement here is Theorem 4.31.
Definition 4.9. A functor Prop/S → C to a Waldhausen category that satisfies the properties
(PS1)-(PS3) is called a cdp-functor.
This terminology is motivated by Definition A.10 and Proposition A.12.
Remark 4.10. The properties (PS1)-(PS3) imply the following property.
(PS4) F maps every surjective closed immersion of proper S-schemes to an isomorphism.
That is, for a surjective closed immersion i ∶ z ֒ XÐ→ p of proper S-schemes, the square
∅
S
∅
S
z p
⌜
ÒÒ
Ò
Ò
i
is a cdp-square of proper S-schemes, which is mapped by F to a square of cofibrations in C ,
by (PS1). Then, (PS3) and (PS2) imply that F (i) is the composite isomorphism F (z) ≅
F (z)/F (∅
S
) ≅ F (p)/F (∅
S
) ≅ F (p).
In the sequel, we denote F (f) by f∗, for every morphism f of proper S-schemes. Also, we
adopt the same notation for other (contravariant) functors, when no confusion arises.
Assume that x and y are S-schemes, let i ∶ z ֒ XÐ→ p and l ∶ w ֒ XÐ→ q be compactifications of
x and y, respectively, and let (f, g) ∶ i → l be a morphism of compactifications, as in (2). The
morphism (f, g) is mapped to the solid commutative square
F (z) F (p) C
F
(i)
F (w) F (q) C
F
(l)
g∗f∗
i∗
l∗
ǫ
i
ǫ
l
(f∗, g∗)
in C . Sine F satisfies (PS1), both i∗ and l∗ are cofibrations in C . Let CF (i) and CF (l) be the
cofibres of i∗ and l∗, respectively. Since the left solid square commutes, there exists a unique
morphism C
F
(i) → C
F
(l) in C that makes the whole diagram commute, which we denote by
(f∗, g∗).
That defines a functor C
F
∶ Comp
S
→ C , given on an object i ∈ Comp
S
by C
F
(i) and on a
morphism (f, g) in Comp
S
by (f∗, g∗).
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Remark 4.11. For every S-scheme x, let C
F,x
be the composition of the functor C
F
with the
inclusion functor Comp
S
(x) ↪ Comp
S
. For a morphism of compactifications (f, g) ∶ i′ → i in
Comp
S
(x), i.e. a commutative diagram
z ×p p′
z′
p′
z p,
⌜
g
Ò
i
Ò
i
′
f
g
Ò
i
Òc
(7)
in Sch
ft/S, in which c is a surjective closed immersion and idx is a base change in Schft/S of
g along j
i
. The pullback square in (7) is a cdp-square of proper S-schemes, as g is a proper
morphism, i is a closed immersion, and idx is a base change in Sch
ft/S of g along j
i
. Since
F satisfies (PS1) and (PS3), the morphism (g
∗
, g∗) is an isomorphism in C . Also, c∗ is an
isomorphism in C , as F satisfies (PS4). Hence, (f∗, g∗) is an isomorphism. Therefore, CF,x is
a diagram of isomorphisms, and hence limC
F,x
exists in C . For a compactification i of x, we
denote the limit projection limC
F,x
→ C
F
(i) by ι
i
.
Since limC
F,x
satisfies the excision property for proper S-schemes, we will define the extension
F c on an S-scheme x by F c(x) ∶= limC
F,x
. Then, in §.4.2.1 and §.4.2.3, we define F c on proper
morphisms and formal inverses of open immersions, respectively.
4.2.1. Proper Pushforwards. We need to assign for every proper morphism f ∶ x → y of S-
schemes a unique morphism limC
F,x
→ limC
F,y
, that is independent of the choice of compact-
ifications and morphisms between them. We show below that the canonical choices of such
morphisms coincide, as in Corollary 4.14.
Lemma 4.12. Assume that f ∶ x → y is a proper morphism of S-schemes, and let l ∶ w ֒ XÐ→ q
be a compactification of y. Then, the morphism g∗ ○ ιi ∶ limCF,x → CF (l) is independent of
the choice of the compactification i in Comp
S
(f, l) and of the morphism of compactifications
g ∶ i→ l for which f is a base change in Schft/S along j
l
. We denote this morphism by ̺f
l
.
Proof. Since f is proper, the category Comp
S
(f, l) is nonempty, by Proposition 4.5. Suppose
that ik ∶ zk ֒ XÐ→ pk is a compactification in CompS(f, l), and let gk ∶ ik → l be a morphism of
compactifications such that f is a base change in Sch
ft/S of gk along jl , for k = 0,1. Since the
category Comp
S
(f, l) is cofiltered, there exists a compactification i ∶ z ֒ XÐ→ p in Comp
S
(f, l) and
a morphism of compactifications g′k ∶ i→ ik such that idx is a base change in Sch
ft/S of g′k along
j
ik
, for k = 0,1. Proposition 4.6 implies that i, g′0, and g
′
1 can be chosen such that g0○g′0 = g1○g′1.
Thus, g0∗ ○ ιi0 = g0∗ ○ g′0∗ ○ ιi = g1∗ ○ g′1∗ ○ ιi = g1∗ ○ ιi1 .
On the other hand, suppose that i ∶ z ֒ XÐ→ p is a compactification in Comp
S
(f, l) and let
g0, g1 ∶ i→ l be parallel morphisms of compactifications such that f is a base change in Schft/S of
gk along jl , for k = 0,1. By Proposition 4.6, there exists a refining compactification i
′ ∶ z′ ֒ XÐ→ p′
of x and a morphism of compactifications g ∶ i′ → i in Comp
S
(f, l) such that g0 ○ g = g1 ○ g.
Thus, g0∗ ○ ιi = g0∗ ○ g∗ ○ ιi′ = g1∗ ○ g∗ ○ ιi′ = g1∗ ○ ιi . 
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Lemma 4.13. Assume that f ∶ x→ y is a proper morphism of S-schemes, let lk ∶ wk ֒ XÐ→ qk be
a compactification of y, for k = 0,1, and let g ∶ l0 → l1 be a morphism of compactifications in
Comp
S
(y). Then, ̺f
l1
= g∗ ○ ̺fl0 .
Proof. Since f is proper, the category Comp
S
(f, lk) is nonempty, for k = 0,1. Let ik ∶ zk ֒ XÐ→ pk
be a compactification in Comp
S
(f, lk), and let gk ∶ ik → lk be a morphism of compactifications
such that f is a base change in Sch
ft/S of gk along jlk , for k = 0,1. Since CompS(x) is cofiltered,
there exists a compactification i ∶ z ֒ XÐ→ p of x and a morphism of compactifications g′k ∶ i → ik
in Comp
S
(x), for k = 0,1, by Corollary 4.7. Then, Lemma 4.12 implies that
̺
f
l1
= g1∗ ○ ιi1 = g1∗ ○ g′1∗ ○ ιi = g∗ ○ g0∗ ○ g′0∗ ○ ιi = g∗ ○ g0∗ ○ ιi0 = g∗ ○ ̺fl0 ,
as g ○ g0 ○ g′0 and g1 ○ g′1 are parallel morphisms of compactifications and f is a base change in
Sch
ft/S of both g ○ g0 ○ g′0 and g1 ○ g′1 along jl , 
Corollary 4.14. Assume that f ∶ x→ y is a proper morphism of S-schemes. Then, there exists
a unique morphism f
!
∶ limC
F,x
→ limC
F,y
in C for which
ι
l
○ f
!
= ̺
f
l
, (8)
for every compactification l of y.
The uniqueness of the morphism f
!
, for a proper morphism f of S-schemes, implies the
functoriality of pushforwards along proper morphisms. That is, for proper morphisms f ∶ x→ y
and g ∶ y → z of S-schemes, one has (g ○ f)
!
= g
!
○ f
!
and (idx)! = idlimC
F,x
.
Definition 4.15. The properly supported counterpart of F is a functor F c ∶ Schft/Sprop → C that
sends an S-schemes x to limC
F,x
, as in Remark 4.11, and sends a proper morphism f ∶ x → y
of S-schemes to the unique morphism f
!
∶ limC
F,x
→ limC
F,y
asserted by Corollary 4.14.
When C has cofiltered limits, the functor F c may be defined on proper morphisms similarly,
even when F is not a cdp-functor. However, such a functor does not necessarily satisfy the
excision property.
Example 4.16. Assume that p is a proper S-scheme. Since the category Comp
S
(p) admits an
initial object, namely ∅p ∶ ∅S ֒ XÐ→ p, and F satisfies (PS2), one has F c(p) ≅ CF (∅p) ≅ F (p).
The functor F c satisfies generalisations of the properties (PS1)-(PS4) to the category
Sch
ft/Sprop, as in the following proposition.
Proposition 4.17. The functor F c ∶ Schft/Sprop → C
(PS1′) maps closed immersions of S-schemes to cofibrations in C ;
(PS2′) maps cdp-squares of S-schemes to pushout squares in C ;
(PS3′) maps the empty S-scheme to the zero object in C ; and
(PS4′) maps surjective closed immersions of S-schemes to isomorphisms.
Proof. The statement (PS3′) is evident; whereas (PS4′) follows from the other statements, as
seen in Remark 4.10.
(PS1′) Assume that i ∶ v ֒ XÐ→ x is a closed immersion of S-schemes. Let l ∶ w ֒ XÐ→ q be
a compactification of x with complementary open immersion j
l
∶ x ֒ ○Ð→ q, and let
i′ ∶ p ֒ XÐ→ q be the scheme-theoretic image of the immersion j
l
○ i. Then, Lemma 4.3
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implies the existence of an open immersion j′
l
∶ v ֒ ○Ð→ p for which the solid square
v zp
x wq
⌜ ⌝
Òi′Òi
○
j
′
l
○
j
l
Ò
l
Òi
Ò
l
(9)
is Cartesian in Sch
ft/S. Let l be a base change in Schft/S of l along i′. Since open
complements are closed under pullbacks and j
l
is a complementary open immersion to
l, one finds that j′
l
is a complementary open immersion to l. Hence, l ∶ z ֒ XÐ→ p is a
compactification in Comp
S
(i, l) and (i, i′) ∶ l → l is a morphism of compactifications
such that i is a base change in Sch
ft/S of i′ along j
l
.
There exists a pushout in Prop/S of the span of closed immersions l and i, which we
denote by q. In fact, since the right square in (9) is Cartesian, there exists a bicartesian
square
z p
w q
⌜
⌟
Òi Òi′
Ò
l′
Ò
l
(10)
of closed immersions of proper S-schemes, see [Sch05, Th.3.11] and [Sta17, Tag 0B7M].
In particular, the square (10) is a cdp-square of proper S-schemes, and hence it is
mapped by F to a pushout square of cofibrations in C . Moreover, the unique morphism
k ∶ q → q, for which k ○ i′ = i′ and k ○ l′ = l, is a closed immersion. Consider the solid
diagram
F (z) F (p) C
F
(l)
F (w) F (q) C
F
(l)
F (q)
⌟
l∗
l∗
i′∗
l′∗
i∗ i
′
∗
k∗
(i∗, i
′
∗)
ǫ
l
ǫ
l
(11)
of cofibrations in C . Since ǫ
l
○l∗ = 0, there exists a unique morphism γ ∶ F (q)→ CF (l) in
C , for which γ ○ l′∗ = 0 and γ ○ i′∗ = ǫl . Since ǫl is an epimorphism in C , a diagram chase
shows that (i∗, i′∗) is a cobase change in C of k∗ along γ. Recall that ιl ○ i! = (i∗, i′∗) ○ ιl
and that ι
l
is an isomorphisms in C . Thus, i
!
is a cobase change in C of k∗ along
ι
-1
l
○ γ. Since k∗ is a cofibration in C , as k is a closed immersion of proper S-schemes,
the morphism i
!
is a cofibration in C .
(PS2′) A cdp-square of S-schemes defines a Cartesian cube, in which the ambient proper S-
schemes fit into a cdp-square. Then, a diagram chase on the cube implies the statement.

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Example 4.18. Assume that jx ∶ x ↪ x⊔ y is a closed open immersion of S-schemes with
complementary closed open immersion jy ∶ y ↪ x⊔ y. The square
∅
S
y
x x⊔ y
⌜
⌟
∅x
∅y
jy
jx
is a cdp-square of S-schemes. Then, Proposition 4.17 implies that F c(x⊔ y) ≅ F c(x)∐F c(y).
4.2.2. A Comparison Morphism. Let G ∶ Schft/S → C be a functor to a Waldhausen category,
whose restriction to Prop/S is a cdp-functor. We abuse notation, and use G to also denote
its restrictions to Sch
ft/Sprop and Prop/S. We see below that there exists a canonical natural
transformation from G to its properly supported counterpart. This natural transformation is
particularly useful to define the monoidal coherence morphisms in §.4.2.6.
Lemma 4.19. Let G ∶ Schft/S → C be a functor to a Waldhausen category, whose restriction
to Prop/S is a cdp-functor. Then, there exists a unique natural transformation ϕ ∶ G⇒ Gc for
which ι
i
○ϕx = ǫi ○ ji∗, for every S-scheme x and for every compactification i of x.
Proof. Suppose that x is an S-scheme, let ik ∶ zk ֒ XÐ→ pk be a compactification of x with
complementary open immersion j
ik
∶ x ֒ ○Ð→ pk, for k = 0,1, and let g ∶ i0 → i1 be a morphism of
compactifications in Comp
S
(x). Then, g∗ ○ ǫi0 ○ ji0 ∗ = ǫi1 ○ g∗ ○ ji0 ∗ = ǫi1 ○ (g ○ ji0 )∗ = ǫi1 ○ ji1 ∗.
Therefore, by the universal property of limits, there exists a unique morphism ϕx ∶ G(x) →
Gc(x) in C for which
ι
i
○ϕx = ǫi ○ ji∗, (12)
for every compactification i of x.
Suppose that f ∶ x → y is a proper morphism of S-schemes and let l ∶ w ֒ XÐ→ q be a com-
pactification of y, then the category Comp
S
(f, l) is nonempty, by Proposition 4.5. Assume
that i ∶ z ֒ XÐ→ p is a compactification of x in Comp
S
(f, l), let g ∶ i → l be a morphism of
compactifications such that f is a base change in Sch
ft/S of g along j
l
, and consider the diagram
G(x) Gc(x) C
G
(i)
G(y) Gc(y) C
G
(l)
ϕx
ϕy
f∗ f!
ι
i
ι
l
g∗
(13)
in C . The right square in (13) is commutative due to Corollary 4.14. Then, one has
ι
l
○ϕy ○ f∗ = ǫl ○ jl∗ ○ f∗ = ǫl ○ (jl ○ f)∗ = ǫl ○ (g ○ ji)∗ = ǫl ○ g∗ ○ ji∗
= g∗ ○ ǫi ○ ji∗ = g∗ ○ ιi ○ϕx = ιl ○ f! ○ϕx.
By the universal property of limits, one has ϕy ○ f∗ = f! ○ ϕx. Therefore, there exists a natural
transformation ϕ ∶ G⇒Gc, whose component at an S-scheme x is given by the unique morphism
ϕx in C that satisfies (12).
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Assume that ϕ′ ∶ G⇒ Gc is a natural transformation for which ι
i
○ ϕ′x = ǫi ○ ji∗ = ιi ○ ϕx, for
every S-scheme x and for every compactification i ∶ z ֒ XÐ→ p of x. Then, the universal property
of limits implies that ϕ′x = ϕx, and hence ϕ
′
= ϕ. 
Corollary 4.20. There exists a unique natural isomorphism ϕ ∶ F ∼⇒ F c∣Prop/S ∶ Prop/S → C ,
such that ι
i
○ϕp = ǫi ○ ji∗, for every proper S-scheme p and for every compactification i of p.
4.2.3. Open Pullbacks. The functor F c in Definition 4.15 can be extended to the category
Sch
ft/Spropopen whose objects are S-schemes and whose morphisms are finite compositions of proper
morphisms and formal inverses of open immersions of S-schemes. We define below pullbacks
along open immersions, and we show in §.4.2.4 the comparability between proper pushforwards
and open pullbacks.
Suppose that f ∶ x ֒ ○Ð→ y is an open immersion of S-schemes, let l ∶ w ֒ XÐ→ q be a compactifi-
cation of y with complementary open immersion j
l
∶ y ֒ ○Ð→ q, and let l
red
be the composition of
l with the surjective closed immersion w
red
֒ XÐ→ w.
The open immersion j
l
○ f ∶ x ֒ ○Ð→ q defines a compactification if
l
∶ z ֒ XÐ→ q, that is a
complementary closed immersion to j
l
○ f , endued with the reduced induced structure. Then,
l
red
factorises uniquely in Sch
ft/S as if
l
○ c for a closed immersion c ∶ w
red
֒ XÐ→ z. The resulting
commutative square
z q
w
red
q
idqÒc
Ò
i
f
l
Ò
l
red (14)
of closed immersions of proper S-schemes induces the solid commutative square
F (z) F (q) C
F
(ifl )
F (w
red
) F (q) C
F
(l
red
).
idF (q)c∗
i
f
l ∗
l
red ∗
ǫ
i
f
l
ǫ
l
red
f
∗
l
(15)
of cofibrations in C . Let f∗
l
denote the unique morphism C
F
(l
red
) → C
F
(if
l
), induced the uni-
versal property of cokernels, which makes the diagram commute; and denote the morphism
f∗
l
○ ι
l
red
∶F c(y)→ C
F
(if
l
) by ρf
l
. Notice that the square (14) is not a morphism of compactifica-
tions unless f is an isomorphism.
Lemma 4.21. Assume that f ∶ x ֒ ○Ð→ y is an open immersion of S-schemes, let lk ∶ wk ֒ ○Ð→ qk
be a compactification of y, for k = 0,1, and let g ∶ l0 → l1 be a morphism of compactifications
in Comp
S
(y). Then, g induces a morphism of compactifications g ∶ ifl0 → ifl1 in CompS(x) for
which ρf
l1
= g∗ ○ ρfl0 .
Proof. The morphism of compactifications g ∶ l0 → l1 defines a morphism compactifications
g ∶ l0red → l1red in CompS(y). Let iflk ∶ zk ֒ XÐ→ qk be a complementary closed immersion to
j
lk
○ f , endued with the reduced induced structure, and hence a compactification of x, and let
ck ∶ wkred ֒ XÐ→ zk be the unique closed immersion for which lkred = iflk○ ck, for k = 0,1. Since
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g ∶ l0red → l1red is a morphism of compactifications in CompS(y), the morphism idy is a base
change in Sch
ft/S of g along j
l1
, and hence idx is a base change in Sch
ft/S of g along j
i
f
l1
= j
l1
○ f .
Therefore, g induces a morphism of compactifications g ∶ if
l0
→ if
l1
in Comp
S
(x), see Remark
4.2. Consider the commutative diagram
z0 q0
w0red q0
z1 q1
w1red q1Ò
l1
red
Òc1
id
id
g
g
Òc0
Ò
i
f
l0
Ò
l0
red
Ò
i
f
l1
(16)
of proper S-schemes, where the commutativity of the left face is a result of the commutativity
of the other faces and having ifl1 a monomorphism of proper S-schemes. The diagram (16)
induces the solid commutative diagram
F (z0) F (q0) CF (ifl0)
F (w0red) F (q0) CF (l0red)
F (z1) F (q1) CF (ifl1)
F (w1red) F (q1) CF (l1red)l1red ∗
c0∗
c1∗
i
f
l0 ∗
l0
red ∗
i
f
l1 ∗
id
id
g∗
g∗
ǫ
i
f
l0
ǫ
l0red
ǫ
i
f
l1
ǫ
l1red
f∗l0
f∗l1
g∗
g∗
in C . Since ǫ
l0red
is an epimorphism in C , the universal propriety of cokernels implies that
f∗l1 ○ g∗ = g∗ ○ f∗l0 , i.e. the whole diagram commutes. Then, one has
ρ
f
l1
= f∗l1 ○ ιl1red = f
∗
l1
○ g∗ ○ ιl0red = g∗ ○ f
∗
l0
○ ι
l0red
= g∗ ○ ρfl0 .

This proof, in particular, shows that there exists a faithful (not necessarily full) functor
θf ∶ Comp
S
(y) → Comp
S
(x) that sends a compactification l of y to the compactification if
l
of x, and sends a morphism of compactifications g ∶ l0 → l1 in CompS(y) to the morphism
of compactifications g ∶ if
l0
→ if
l1
in Comp
S
(x). Let Cf
F,x
be the composition of the functor
C
F,x
, given in Remark 4.11, with the functor θf . The universal properties of limits induces a
canonical morphism ϑf ∶ limC
F,x
→ limCf
F,x
in C . Since F is a cdp-functor, the morphism ϑf
is an isomorphism, which allows one to deduce the following corollary.
Corollary 4.22. Assume that f ∶ x ֒ ○Ð→ y is an open immersion of S-schemes. Then, there
exists a unique morphism f ! ∶ F c(y)→ F c(x) in C for which
ι
i
f
l
○ f ! = f∗l ○ ιl
red
, (17)
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for every compactification l of y.
The uniqueness of the morphism f !, for an open morphism f of S-schemes, implies the
functoriality of pullbacks along open immersions. That is, for open immersions f ∶ x ֒ ○Ð→ y and
g ∶ y ֒ ○Ð→ z of S-schemes, one has (g ○ f)! = f ! ○ g! and (idx)! = idlimC
F,x
.
Corollary 4.23. The functor F c, in Definition 4.15, extends to a functor F c ∶ Schft/Spropopen → C
that sends fop, for an open immersion f ∶ x ֒ ○Ð→ y of S-schemes, to the unique morphism
f ! ∶ limC
F,y
→ limC
F,x
asserted vy Corollary 4.22.
Remark 4.24. In contrast to pushforwards along proper morphisms, pullbacks along open
immersions do not necessarily exist when F is not a cdp-functor, even if C is has cofiltered
limits. That is, when F is not a cdp-functor, the morphism ϑf is not necessarily an isomorphism,
as the functor θf does not have to be co-cofinal. For instance, when p is a proper S-scheme
and f ∶ p ֒ ○Ð→ q is an open immersion of S-schemes that is not an isomorphism, the initial
compactification ∅p ∶ ∅S ֒ XÐ→ p does not coincide with ifl for any compactification l of q.
4.2.4. Base Change. Open pullbacks and proper pushforwards satisfy the proper-base change
formula, as in the following lemma.
Lemma 4.25. Assume that f ∶ x → y is a proper morphism and j ∶ y′ ֒ ○Ð→ y is an open
immersion of S-schemes, and let
x′ x
y′ y
⌜
ff ′
○
j′
○
j (18)
be a Cartesian square of S-schemes. Then, j! ○ f
!
= f ′
!
○ j′!.
Proof. Let l ∶ w ֒ XÐ→ q be a compactification of y. Since f is proper, there exists a compactifica-
tion i ∶ z ֒ XÐ→ p of x in Comp
S
(f, l) and a morphism of compactifications g ∶ i→ l such that f is
a base change in Sch
ft/S of g along j
l
. Given that j and j′ are open immersions, let ij
l
∶ w′ ֒ XÐ→ q
(resp. ij
′
i ∶ z′ ֒ XÐ→ p) be the compactification of y′ and (resp. x′) induced from l (resp. i), as
in §.4.2.3. The morphism of compactification g ∶ i → l defines a morphism compactifications
g ∶ i
red
→ l
red
. Since the square (18) is Cartesian in Sch
ft/S, the morphism f ′ is a base change in
Sch
ft/S of g along j
i
j
l
= j
l
○ j. Therefore, the morphism of compactification g ∶ i
red
֒ XÐ→ l
red
defines
a morphism compactifications g ∶ ij′i → ijl , see Remark 4.2. Then, one has
ι
i
j
l
○ j! ○ f
!
= j∗
l
○ ι
l
red
○ f
!
= j∗
l
○ g∗ ○ ιi
red
and ι
i
j
l
○ f ′
!
○ j′! = g∗ ○ ι
i
j′
i
○ j′! = g∗ ○ j′i ∗ ○ ιired .
Consider the commutative diagram (19) of proper S-schemes, where the commutativity of the
left square is a result of the commutativity of the other squares and having ij
l
a monomorphism
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of proper S-schemes.
z
red z′ p
w′wred q
g
Ò
Ò
Ò
i
j
l
Ò
i
j′
i
Ò
i
red
Ò
l
red (19)
The diagram (19) induces the solid commutative diagram
F (z′) F (p) C
F
(ij′i )
F (z
red
) F (p) C
F
(i
red
)
F (w′) F (q) C
F
(ij
l
)
F (w
red
) F (q) C
F
(l
red
)
i
j′
i ∗
i
red ∗
i
j
l ∗
l
red ∗
id
id
ǫ
l
red
ǫ
i
j′
i
ǫ
i
red
ǫ
i
j
l
j
′
i
∗
j
∗
l
g∗
g∗
g∗
g∗
in C . Since ǫ
i
red
is an epimorphism in C , the universal propriety of cokernels implies that
j∗
l
○ g∗ = g∗ ○ j′i ∗. The morphism ιij
l
is an isomorphism, as F is a cdp-functor. Hence, one has
j! ○ f
!
= f ′
!
○ j′!. 
Example 4.26. Assume that i ∶ v ֒ XÐ→ x is a closed immersion of S-schemes with complemen-
tary open immersion j ∶ u ֒ ○Ð→ x. Then, one has a Cartesian square
∅
S v
u x
⌜
ÒiÒ
○
○
j
in Sch
ft/S. Thus, one has j! ○ i
!
= 0 as F c(∅
S
) ≅ F (∅
S
) ≅ 0. In fact, the sequence F c(v) i!↣
F c(x) j!↠ F c(u) is a cofibre sequence in C , as in Proposition 4.28.
Example 4.27. Recall Example 4.18, and assume that jx ∶ x↪ x⊔ y is a closed open immersion
of S-schemes with complementary closed open immersion jy ∶ y ↪ x⊔ y. Then, there exists a
Cartesian square
x x
x x⊔ y
⌜
idx
idx
jx
jx
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in Sch
ft/S, and hence jx! ○jx! = (idx)! ○(idx)! = idF c(x). Similarly jy ! ○jy ! = idF c(y). By Example
5.23, one also has jx
! ○ jy
!
= 0 and jy
! ○ jx! = 0. Therefore, when C is additive, F c(x⊔ y) is a
direct sum in C of F c(x) and F c(y).
4.2.5. Excision. A functor G ∶ Schft/Spropopen → C , to a Waldhausen category, induces a group
homomorphism K0(Schft/S) → K0(C ) only when the evident composite map Ob(Schft/Spropopen) →
Ob(C ) → K0(C ) respects the scissors relations. That holds when G satisfies the excision prop-
erty. We will see below that the functor F c, given in Corollary 4.23, satisfies the excision
property, and hence it induces an Euler-Poincare´ characteristic µ
F
∶ K0(Schft/S)→ K0(C ).
Proposition 4.28. The functor F c, given in Corollary 4.23, satisfies the excision property,
i.e. for every closed immersion i ∶ v ֒ XÐ→ x of S-schemes with complementary open immersion
j ∶ u ֒ ○Ð→ x, the sequence F c(v) i!↣ F c(x) j!↠ F c(u) is a cofibre sequence in C . In particular, j!
is an epimorphism in C .
Proof. Assume that i ∶ v ֒ XÐ→ x is a closed immersion of S-schemes with complementary open
immersion j ∶ u ֒ ○Ð→ x, and let l ∶ w ֒ XÐ→ q be a compactification of x in which the underlying
scheme of w is reduced. The open immersion j
l
○ j ∶ u ֒ ○Ð→ q induces a compactification l′ ∶
w′ ֒ XÐ→ q of u in which the underlying scheme of w′ is reduced, i.e. l′ = ij
l
using the notation of
§.4.2.3. Hence, there exists a unique closed immersion c ∶ w ֒ XÐ→ w′ for which l = l′ ○ c.
On the other hand, let i′ ∶ p ֒ XÐ→ q be the closed immersion of the scheme-thoracic image of
j
l
○ i. Then, Lemma 4.3 implies the existence of an open immersion j′
l
∶ v ֒ ○Ð→ p for which the
solid square containing it in the commutative diagram
u x q w′ w
∅
S
⌞
v
⌞
p p′
⌟
z
⌟
Ò∅u Òi Òi′
○
j
○
○
j
l
○
j
′
l
Ò
l
′
Ò
c
Ò
π
′
p
Ò
e
Òπw′ Òπw
(20)
of S-schemes is Cartesian. The leftmost square in (20) is also Cartesian in Sch
ft/S, by the
definition of u. Let (πw′ , p′, π′p) (resp. (πw, z, πp)) be the pullback of the cospan of i′ and l′
(resp. i′ and l = l′ ○ c). Then, there exists a unique morphism e ∶ z → p′ of proper S-schemes
that makes the diagram commute. In particular, one has πp = π
′
p○e and e is a closed immersion.
Since open complements are closed under pullbacks and j
l
is a complementary open immer-
sion to l, one finds that j′
l
is a complementary open immersion to πp. Hence, πp ∶ z ֒ XÐ→ p
is a compactification in Comp
S
(i, l) and (πw, i′) ∶ πp → l is a morphism of compactifications
such that i is a base change in Sch
ft/S of i′ along j
l
. Also, since j
l
○ j is a complementary open
immersion to l′, the projection π′p is a surjective closed immersion. Hence, π
′
p ∶ p′ ֒ XÐ→ p is
a compactification in Comp
S
(∅u, l′) and (πw′ , i′) ∶ π′p → l′ is a morphism of compactifications
such that ∅u is a base change in Schft/S of i′ along jl′ .
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The Pullback Lemma implies that the square of proper S-schemes
w′
w
p′
z ⌜
ÒcÒe
Ò
πw′
Ò
πw
(21)
is Cartesian. Since π′p is a surjective closed immersion, the morphism c induces an isomorphism
w′∖πw′ ≅ (q∖(jl ○ j))red∖πw′ = ((q∖(jl ○ j))∖i′)red = ((q∖jl)∖i′)red = (q∖jl)red∖πw ≅ w∖πw
of S-schemes. Therefore, the square (21) is a cdp-square of proper S-schemes, and hence the
functor F sends it to a pushout square in C .
Since (πw, i′) ∶ πp → l (resp. (πw′ , i′) ∶ π′p → l′) is a morphism of compactifications and i
(resp. ∅u) is a base change of i′ along jl (resp. jl′ = jl ○ j), there exists a commutative diagram
F (w′)
F (w)
F (p′)
F (z)
⌟
F (q)
F (q)
F (p)
F (p)
F c(u)
F c(x)
F c(∅
S
)
F c(v)
c∗e∗
πw′ ∗
πw∗
l∗
πp∗
π′p∗
l′∗
ǫ′
l
ǫ′
pip
ǫ′
pi′p
ǫ′
l′
j!0
0
i
!
i′∗
i′∗
(22)
in C , where ǫ′
l
= ι
-1
l
○ ǫ
l
, ǫ′
l′
= ι
-1
l′
○ ǫ
l′
, ǫ′
pip
= ι
-1
pip
○ ǫ
pip
, and ǫ′
pi′p
= ι
-1
pi′p
○ ǫ
pi′p
. Since π′p is a surjective
closed immersion of proper S-schemes, the morphism π′p∗ is an isomorphism. Also, F
c(∅
S
) ≅ 0.
Since the functor F send the square (21) to a pushout square in C and the morphisms ǫ′
l
and
ǫ′
l′
are epimorphisms in C , a diagram chase of (22) shows that the sequence F c(v) i!↣ F c(x) j!↠
F c(u) is a cokernel sequence in C . Hence, it is a cofibre sequence as i
!
is a cofibration in C , by
Proposition 4.17.(PS1′). 
4.2.6. Weak Monoidal. When the Waldhausen category C is symmetric monoidal and the cdp-
functor F ∶ Prop/S → C is weak monoidal with respect to the Cartesian product of proper
S-schemes, we show that F c is also weak monoidal. The weak monoidality of the functor F c
is a formal consequence of Proposition 4.28 and the weak monoidality of F , which is based on
the following lemma.
Lemma 4.29. Let the diagram (23) be a commutative diagram in a Waldhausen category C ,
in which the vertical and horizontal sequences are cokernel sequences, (ς, F, σ) is a pushout of
the span F2,1
σ1←Ð F1,1 ς1Ð→ F1,2, and the morphism λ is the unique morphism F → F2,2 induced
by the universal property of pushouts making the diagram commute. Then, the sequence
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F
λÐ→ F2,2 πÐ→ F3,3 is a cokernel sequence in C .
F1,1 F1,2 F1,3
F2,1 F2,2 F2,3
F3,3
F
⌟
ς1
ς2
σ3
ς
σ1 σ2
σ
π
λ
π1
π2
π3
(23)
Proof. The statement of the lemma follows from a diagram chase of (23). 
Proposition 4.30. Let (C ,∧,1) be a symmetric monoidal Waldhausen category, and suppose
that the cdp-functor F ∶ (Prop/S,×, id
S
) → (C ,∧,1) is weak monoidal. Then, the functor
F c ∶ Schft/Spropopen → C is weak monoidal. Moreover, F c is strong monoidal when F is.
Proof. Since F is weak monoidal, its coherence morphisms φp,q ∶ F (p) ∧ F (q) → F (p × q) and
φ
S
∶ 1 → F (id
S
) are weak equivalences in C , for every pair of proper S-schemes p and q. Let
φc
S
∶ 1 → F c(id
S
) be the composite weak equivalence φc
S
∶= ϕ
S
○ φ
S
in C , where ϕ is the natural
isomorphism asserted by Corollary 4.20.
For k = 0,1, assume that xk is an S-scheme, let ik ∶ zk ֒ XÐ→ pk be a compactification of xk
with complementary open immersion j
ik
∶ xk ֒ ○Ð→ pk. The functors − ∧ C and C ∧ − preserve
cofibre sequences for every object C ∈ C , see Definition 3.6. Thus, Proposition 4.28 induces a
cofibre sequence
F c(zk) ∧F c(y) F c(pk) ∧ F c(y) F c(xk) ∧F c(y)ik ! j!ik
in C , for every S-scheme y. Since both pk and zk are proper S-schemes, and ϕ is a natural
isomorphism, the sequence
F (zk) ∧F (y) F (pk) ∧ F (y) F c(xk) ∧F (y)ik∗ j!ik
is a cofibre sequence in C for a proper S-scheme y.
On the one hand, the monoidal product bifunctor ∧ ∶ C × C → C induces the solid commu-
tative diagram (25) in C , in which horizontal and vertical sequences are cofibre sequences. Let
λ ∶ F → F (p0)∧F (p1) be the pushout-product of i0∗ and i1∗, and let π ∶= j!i0 ○ j!i1 . Since C is a
symmetric monoidal Waldhausen category and i0∗ and i1∗ are cofibrations in C , the morphism
λ is also a cofibration in C . Thus, Lemma 4.29 implies that the sequence
F
λÐ→ F (p0) ∧ F (p1) πÐ→ F c(x0) ∧ F c(x1)
is a cofibre sequence in C .
On the other hand, there exits a pushout in Prop/S of the span of the closed immersions
idz0 × i1 and i0 × idz1 . In fact, there exists a bicartesian square
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z0 × z1 z0 × p1
p0 × z1 z,
⌜
⌟
Òi0 × idz1 Òi
′
0
Ò
i′1
Ò
idz0 × i1
(24)
of closed immersions of proper S-schemes, see [Sch05, Th.3.11] and [Cam17, §.2]. In particular,
the square (24) is a cdp-square of proper S-schemes, and hence it is mapped by F to a pushout
square of cofibrations in C .
F (z0) ∧F (z1) F (z0) ∧F (p1) F (z0) ∧F c(x1)
F (p0) ∧F (z1) F (p0) ∧F (p1) F (p0) ∧F c(x1)
F c(x0) ∧ F (z1) F c(x0) ∧ F (p1) F c(x0) ∧ F c(x1)
F
⌟
i1∗
i1∗
i1∗
i0∗ i0∗ i0∗
π
λ1
λ0
λ
j!
i1
j!
i1
j!
i1
j!
i0
j!
i0
j!
i0
(25)
Since C is a Waldhausen category and F is weak monoidal, the unique morphism λ′ ∶ F →
F (z), that makes the diagram (26) commute, is a weak equivalence in C .
F (z0) ∧F (z1) F (z0) ∧F (p1)
F (p0) ∧F (z1) F⌟
F (z0 × z1) F (z0 × p1)
F (p0 × z1) F (z)⌟
i1∗
i0∗
i
′
1∗
i
′
0∗
i1∗
i0∗
φz0,z1
φp0,z1
φz0,p1
λ
′
(26)
Let p denote the proper S-scheme p0×p1, denote the closed immersion z ֒ XÐ→ p by i, and denote
its complementary open immersion x0 × x1 ֒ ○Ð→ p by j. The morphism i∗ is a cofibration in C ,
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and one has φp0,p1 ○ λ = i∗ ○ λ′. Thus, there exists the solid commutative diagram
F F (p0) ∧F (p1) F c(x0) ∧F c(x1)
F (z) F (p)
F c(z) F c(p) F c(x0 × x1)
λ
i∗
i
!
π
j!
φp0,p1λ
′
ϕz ϕp
φcx0,x1
(27)
in C , in which the horizontal sequences are cofibre sequences, and vertical morphisms are
weak equivalences. Thus, the universal property of cokernels implies the existence of a unique
morphism φcx0,x1 ∶ F c(x0)∧F c(x1)→ F c(x0 ×x1) that makes the diagram commute; which is a
weak equivalence in C , by the axiom W3. The uniqueness of the morphism φcx0,x1 implies the
existence of a natural transformation φc ∶ F c ∧F c ⇒ F c(×) with a component φcx0,x1 for every
pair of S-schemes x0 and x1. Also, a diagram chase of the associativity hexagons and unitality
squares shows that F c is weak monoidal with the coherence natural morphism φc. Moreover,
when φ is a natural isomorphism, so is φc. 
4.2.7. Motivic Measures. Theorem 4.31 collects the main statements in §.4.2, which allows one
to associate motivic measures to cdp-functors from proper S-schemes to Waldhausen categories.
Theorem 4.31. Assume that F ∶ (Prop/S,×, id
S
) → (C ,∧,1) is a weak monoidal cdp-functor
to a symmetric monoidal Waldhausen category. Then, there exists a functor
F c ∶ (Schft/Spropopen,×, idS)→ (C ,∧,1),
where Sch
ft/Spropopen is the category whose objects are S-schemes and whose morphisms are finite
compositions of proper morphisms and formal inverses of open immersions, defined on proper
morphisms in (8) and on open immersions in (17), such that
● there exists a natural isomorphism ϕ ∶ F ∼⇒ F c∣Prop/S ;
● F c satisfies the excision property, i.e. for every closed immersion i ∶ v ֒ XÐ→ x of S-
schemes with complementary open immersion j ∶ u ֒ ○Ð→ x, the sequence
F c(v) i!Ð→ F c(x) j!Ð→ F c(u)
is a cofibre sequence in C ; and
● F c is weak monoidal, i.e. F c is lax monoidal whose coherence morphisms
φcx,y ∶ F c(x) ∧ F c(y)→ F c(x × y) and φcS ∶ 1 → F (idS)
are weak equivalences in C , for every S-schemes x and y.
Therefore, there exists a motivic measure
µ
F
∶ K0(Schft/S)→ K0(C ),
that sends the class of a proper S-scheme p to the class of F (p).
Example 4.32. Suppose that k is a field. Then, a closed immersion i ∶ Speck ֒ XÐ→ P1k is an
initial object in the category of compactifications Comp
k
(A1k), and hence F c(A1k) = coker i∗.
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Remark 4.33. Zakharevich introduced the notion of an assembler in [Zak17], using which
she associated to the category of k-varieties, for a field k, a spectrum whose path components
group is isomorphic to the Grothendieck group K0(Schft/k). Then, Campbell provided an E∞-
ring spectrum K(Var/k) whose ring of path components is isomorphic to the Grothendieck
ring K0(Schft/k), which is conjectured to be equivalent to Zakharevich’s spectrum, see [Cam17].
Lemma 4.25 and Proposition 4.28 imply that a cdp-functor F ∶ Prop/S → C to a Waldhausen
category defines a map of spectra K(F ) ∶ K(Var/k) → K(C ) that sends a point in the class
[P ] ∈ K0(Var/k) to a point in the class [F (P )] ∈ K0(C ), for every proper k-scheme P , see
[Cam17, Def.5.2 and Prop.5.3].
4.3. Functors Compactification. Given a functor F ∶ Prop/S → C to a Waldhausen category
that is not a cdp-functor, one may would like to ‘universally’ associate to F a cdp-functor,
and hence define an associated motivic measure that is closely related to F . Recall that the
properties (PS2) and (PS3) imply that cdp-functors are cdp-cosheaves on Prop/S, as the cdp-
topology is generated by cdp-squares, see §.A.3. Hence, a natural choice of such an association is
the cdp-cosheafification, when it exists, which is the dual of the cdp-sheafification, see [Pra16].
We will restrain ourself from discussing the general process here, and only focus on aspects
relevant to §.5.
Assume that F satisfies (PS1), i.e. it sends closed immersions of proper S-schemes to
cofibrations in C . Then, for a cdp-square
z p
w q
⌜
f f
Ò
i
Ò
i
of proper S-schemes, the morphism i∗ is a cofibration, and the pushout of the span of i∗ and
f
∗
exists in C . We denote the canonical morphism F (w)∐F (z) F (p)→ F (q) in C , induced by
the universal property of pushouts, by αi,f , and consider the set of morphisms
Λ ∶= {αi,f ∶ F (w) ∐
F (z)
F (p)→ F (q) ∣ (i, f) ∈ Λ}⋃{0→ F (∅)}
in C , where Λ is the set of all cdp-squares of proper S-schemes. If there exists an exact functor
C → C ′ of Waldhausen categories that sends all morphisms in Λ to isomorphisms in C ′, the
composition F ′ ∶ Prop/S → C → C ′ satisfies the properties (PS1)-(PS3), i.e. it is a cdp-functor.
When the functor C → C ′ is a localisation with respect to Λ, we say that the induced functor
F ′ ∶ Prop/S → C ′ is a cdp-compactification of F .
When C is a symmetric monoidal Waldhausen category and F is only lax monoidal, one
may seek a localisation for which the composite functor is also weak monoidal.
In the next section, we apply this argument to the pointed Yoneda embedding.
5. The cdp-Waldhausen K-Theory of Noetherian Schemes
We utilise the cdp-topology to construct a monoidal proper-fibred Waldhausen category C ωτ
over Noetherian schemes of finite Krull dimensions, in §.5.2, for a topology τ that is finer
than the cdp-topology. For every Noetherian scheme S of finite Krull dimension, there exists
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a canonical cdp-functor hτ ∶ Prop/S → C ωτ (S), given by the τ -cosheafification of the pointed
Yoneda embedding, as in (32). This functor induces, in (34), a surjective motivic measure
µ
τ
∶ K0(Schft/S)→ K0 (C ωτ (S)).
We propose the K-theory commutative ring spectrum K (C ωcdp(S)) as an extension of (modified)
Grothendieck ring of S-schemes, see Corollary 5.5 and Conjecture 5.6. However, we leave
investigating the universality of the cdp-functor hτ and the validity of 5.6 for a future work.
For an essentially small category C , the Yoneda embedding into the category of presheaves
on C gives a free cocompletion of C . Whereas, for a Grothendieck topology τ on C , the
τ -cosheafification of the Yoneda embedding gives a cocompletion of C in the category of τ -
sheaves Shvτ(C ), with the relations imposed by declaring τ -coving sieves to be colimit cocones,
see Remark A.3. The category of pointed τ -sheaves admits a symmetric monoidal Waldhausen
structure, whose cofibrations are monomorphisms, weak equivalences are isomorphisms, and
monoidal product is given by the smash product, recall Example 3.8. In particular, when C is
the category of proper S-schemes and τ is a topology on Prop/S, it is interesting to consider
when the τ -cosheafification of the pointed Yoneda embedding is a cdp-functor, and to use such
a cdp-functor, if it exists, to better understand the (modified) Grothendieck ring K0(Schft/S),
and probably its higher K-theory.
For the rest of this section, let τ be an additively-saturated pretopology on the category
Noetherian schemes of finite Krull dimensions that is finer than the cdp-pretopology and coarser
than the proper pretopology, cf. Remark A.18. Also, let S be a Noetherian scheme in Noe
fd
.
Recall that the category of proper S-schemes is essentially small, and the forgetful func-
tor PSh●(Prop/S) → PSh(Prop/S), that forgets the base point, admits a faithful (but not
full) left adjoint PSh(Prop/S) → PSh●(Prop/S), given by adjoining a disjoint base point, i.e.
X+ = (X ∐∗,∗), see [Hov99, p.4]. Let h−,+ denote the composite functor −+ ○ h ∶ Prop/S →
PSh●(Prop/S). The gluing of a pair of closed subschemes of a proper S-scheme, along their
scheme-theoretic intersection, defines a pushout square in Prop/S, which is a cdp-square, see
the proof of Proposition 4.17. Then, the functor h
−,+
is not a cdp-functor, as it forgets all
colimits. However, for every closed immersion i ∶ z ֒ XÐ→ p in Prop/S, the morphism h
i,+
is a
monomorphism. Following the argument in §.4.3, we may consider a localisation of the cate-
gory PSh●(Prop/S) with respect to the set of morphisms
Λ ∶= {αi,f ∶ hw,+ ∐
hz,+
h
p,+
→ hp,+ ∣ (i, f) ∈ Λ}⋃{0 → h∅,+ },
where Λ is the set of all cdp-squares in Prop/S.
The cdp-sheafification functor −acdp ∶ PSh●(Prop/S) → Shv●,cdp(Prop/S) provides such a lo-
calisation, see Definition A.10. That is,
(PS1) the cdp-sheafification functor preserve monomorphisms;
(PS2) the cdp-sheafification of h
∅,+
is isomorphic to 0, as h
cdp
∅,+
(∅) = ∗; and
(PS3) the functor h
acdp
, i.e. the composition of the cdp-sheafification functor with the the
Yoneda embedding, sends cdp-squares to pushout squares, by Proposition A.12; also,
the left adjoint functor −+acdp preserves colimits.
Therefore, the functor
h ∶= −acdp ○ h
−,+
∶ Prop/S → Shv
●,cdp
(Prop/S) (28)
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is a cdp-functor. Moreover, Remark A.3 shows that the cdp-topology is the coarsest topology
τ on Prop/S for which the composite functor −aτ ○ h
−,+
is a cdp-functor. The τ -sheafification
functor preserves monomorphisms and colimits, and it factorises through the cdp-sheafification
functor, as τ is finer than the cdp-pretopology. Hence, the functor
h
τ ∶= −aτ ○ h
−,+
∶ Prop/S → Shv
●,τ
(Prop/S) (29)
is a cdp-functor. To avoid bulky notations, we let Cτ (S) ∶= Shv●,τ (Prop/S). When τ is the
cdp-pretopology, denote Cτ (S), hτ , and hcτ , by C (S), h, and hc, respectively.
The functor h
−,+
is strong monoidal, with respect to the Cartesian product of proper S-
schemes and the smash product of pointed presheaves. Since the τ -sheafification functor is a
left exact reflector, it preserves the smash product, as the smash product of pointed (pre)sheaves
only involves finite limits and colimits, recall Example 3.8. Thus, the functor hτ is also strong
monoidal.
Since the Waldhausen category Cτ (S) is cocomplete, its K-theory is connected, i.e. it has a
trivial path components group, recall Example 3.3. To establish a non-trivial motivic measure,
we need to consider a Waldhausen subcategory in Cτ (S), with a non-connected K-theory, which
contains the essential image of hτ . We construct this subcategory by induction.
● Let C 0τ (S) be the full subcategory in Cτ (S) in which X ∈ C 0τ (S) if and only if X ≅ hτp
for a proper S-scheme p.
● For an integer n ≥ 1, let C nτ (S) be the full subcategory in Cτ (S) in which X ∈ C nτ (S)
if and only if there exists a pushout square
Y ′ Y
X ′ X
⌟
ι
(30)
in Cτ(S), in which X ′,Y , and Y ′ belong to C n−1τ (S), and ι is a monomorphism of
pointed τ -sheaves.
One has C nτ (S) ⊂ C n+1τ (S) for every n ∈N. Then, the full subcategory
C ωτ (S) ∶= ⋃
n∈N
C nτ (S) (31)
in Cτ(S) admits a Waldhausen structure, whose cofibrations (resp. weak equivalences) are mor-
phisms in C ωτ (S) that are cofibrations (resp. weak equivalences) in Cτ (S), i.e. monomorphisms
(resp. isomorphisms).
The inclusion functor C ωτ (S) ↪ Cτ(S) is an exact functor of Waldhausen categories, i.e.
C ωτ (S) is a Waldhausen subcategory in Cτ (S). In fact, C ωτ (S) is a the smallest full Waldhausen
subcategory in Cτ (S) that contains the essential image of hτ . We abuse notation and we use
h
τ to also denote the unique cdp-functor
Prop/S → C ωτ (S) (32)
that factorises hτ . Since the category Prop/S is essentially small, one can use induction to show
that C ωτ (S) is also essentially small.
Lemma 5.1. The symmetric monoidal structure on Cτ (S), given by the smash product, re-
stricts to C ωτ (S), making C ωτ (S) into a symmetric monoidal Waldhausen category.
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Proof. Since C ωτ (S) is a full Waldhausen subcategory in Cτ (S) and the unit 1∧ = hτid
S
belongs
to C ωτ (S), it is suffices to show that the smash product restricts to C ωτ (S).
For every n ∈N, we use induction to show that the smash product restricts to a functor
∧ ∶ C nτ (S) ×C nτ (S)→ C 2nτ (S).
● Let X0 and X1 belong to C 0τ (S), i.e. there exists a proper S-scheme pk for which
Xk ≅ h
τ
pk
, for k = 0,1. Since hτ is a strong monoidal functor, one has
X0 ∧X1 ≅ hτ
p0
∧ hτ
p1
≅ h
τ
p0×p1
∈ C 0τ (S).
● For an integer n ≥ 1, assume that the smash product restricts to a functor
∧ ∶ C n−1τ (S) ×C n−1τ (S)→ C 2n−2τ (S),
and let X0 and X1 belong to C
n
τ (S), i.e. there exists a pushout square
Y ′k Yk
X ′k Xk
⌟
ιk
in Cτ (S), in which X ′k ,Yk, and Y ′k belong to C n−1τ (S), and ιk is a monomorphism, for
k = 0,1. Since Cτ (S) is a symmetric monoidal Waldhausen category, the smash product
with any object in Cτ (S) preserves such a pushout square, and hence there exists a
pushout diagram
U ∧Y ′k U ∧Yk
U ∧X ′k U ∧Xk
⌟
idX ∧ ιk
in Cτ(S), for every U ∈ Cτ (S). In particular, for k = 0 and U ∈ {X ′1 ,Y ′1 ,Y1}, one
finds that X0 ∧U ≅ U ∧X0 belongs to C 2n−1τ (S). Similarly, for k = 1 and U = X0,
one finds that X0 ∧X1 belongs to C 2nτ (S).
Therefore, the smash product restricts to C ωτ (S). 
The functor hτ ∶ Prop/S → C ωτ (S) is a strong monoidal cdp-functor. Then, by Theorem 4.31,
there exists a strong monoidal functor
h
cτ ∶ Schftpropopen/S → C ωτ (S) (33)
that satisfies the excision property, and coincides with hτ on proper S-schemes. Hence, it
induces a motivic measure
µ
τ
∶ K0(Schft/S)→ K0 (C ωτ (S)), (34)
which sends the class of a proper S-scheme p to the class of hτ
p
. Moreover, for a field k,
the functor hcτ induces a map of spectra K(hcτ ) ∶ K(Var/k) → K (C ωτ (k)), from the spectrum
K(Var/k) defined in [Cam17].
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Example 5.2. Recall Example 4.32, and consider a closed immersion i ∶ Speck ֒ XÐ→ P1k with
complementary open immersion j ∶A1k ֒ ○Ð→ P1k. Then,
h
cτ
A1
k
= coker(hτ
Speck
Ð→ hτ
P1
k
) = (h
P1
k
,∞)aτ ,
where ∞ denotes the unique k-rational point in the k-scheme (P1k∖j(A1k))
red
.
Lemma 5.3. The motivic measure µ
τ
is surjective.
Proof. The statement of the lemma follows by induction. 
The connection between the motivic measure µ
τ
and the modified Grothendieck ring of S-
schemes might be illustrated through Corollary 5.5, which is based on the following proposition,
and Conjecture 5.6.
Proposition 5.4. Let f ∶ x→ y be a morphism of S-schemes. Then, the following are equivalent
(1) f is a proper morphism and f
!
∶ hcτ
x
→ hcτ
y
is an isomorphism in C ωτ (S); and
(2) f is a universal homeomorphism, cf. Proposition A.20.
Proof. Recall our conventions in §.1.2, which require S-schemes to be of finite type. Hence,
the morphism f is a universal homeomorphism if and only if it is finite, universally injective,
and surjective, by [Gro65, Prop.2.4.5]. Let l ∶ w ֒ XÐ→ q be a compactification of y. Since f is
proper under either of the conditions (1) or (2), the category Comp
S
(f, l) is nonempty in either
case, by Proposition 4.5. Suppose that i ∶ z ֒ XÐ→ p is a compactification in Comp
S
(f, l), and let
g ∶ i → l be a morphism of compactifications such that f is a base change in Schft/S of g along
j
l
. For simplicity and without loss of generality, we may choose i that fits into a diagram
z xp
w yq
⌜ ⌝
g fg
○
j
i
○
j
l
Ò
l
Ò
i
(35)
of Cartesian squares in Sch
ft/S. The morphism f
!
∶ hcτ
x
→ hcτ
y
is an isomorphism in C ωτ (S) if and
only if the square
h
τ
z
h
τ
p
h
τ
w
h
τ
q
g∗g∗
l∗
i∗
(36)
is a pushout square in C ωτ (S). Since the τ -sheafification functor preserves colimits, that is
equivalent to the canonical morphism Θ ∶ h
w,+ ∐hz,+ hp,+ → hq,+ of pointed presheaves being a
τ -local isomorphism.
(2⇒ 1) Assume that f is a universal homeomorphism. Then, the set {l ∶ w ֒ XÐ→ q, g ∶ p → q} is
a cdp-covering family of q in Prop/S. Indeed, let k be a field, and let b ∶ Speck → Q be
a morphism of schemes in Noe
fd
, where Q is the underlying scheme of q. Either b lifts
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along l or j
l
. When b lifts along j
l
, there exists a morphism a ∶ Speck → Y in Noefd for
which b = j
l
○ a, where Y is the underlying scheme of y. Consider the Cartesian square
T X
Speck Y
⌜
f f
a
a
in the category Noe
fd
. The morphism f is a finite universal homeomorphism, and hence
T is a one-point scheme SpecR and f is induced by a finite ring homomorphism ψ ∶
k ↪ R, to a local ring R of Krull dimension zero. Let m be the maximal ideal of R,
and let κ ∶= R/m. Then, the induced homomorphism k ↪ κ is a finite field extension.
Assuming that [κ ∶ k] ≠ 1, there exist distinct ring homeomorphisms κ → κ over k,
which contradicts with f being universally injective. Thus, one has [κ ∶ k] = 1, i.e.
the residue field of T at its unique point is isomorphic to k. Therefore, a lifts along f ,
which lifts b along g, and hence {l, q} is a cdp-covering family.
Let t ∶ T → S be a proper S-scheme, and let b ∈ h
q,+
(t). Either b is the base point of
h
q,+
(t), in which case b belongs to the image of Θ
t
, or b is a morphism t → q of proper
S-schemes. Assuming the latter case, consider the Cartesian squares
t
l t
w q
⌜
bb
l
Ò
l
Ò
l
b
t
g t
p q
⌜
bbg
g
g
b
in Prop/S. The set {l
b
, g
b
} is a cdp-covering family of t in Prop/S. Let [b
l
] and [b
g
] denote
the classes of b
l
∈ h
w,+
(t
l
) and b
g
∈ h
p,+
(t
g
) in (h
w,+ ∐hz,+ hp,+ )(tl) and (hw,+ ∐hz,+ hp,+ )(tg),
respectively,. Then, Θ
t
l
([b
l
]) = l∗(bl) = l∗b (b) and Θtg ([bg ]) = g∗(bg) = g∗b (b). Since the
pretopology τ is finer than the cdp-pretopology, the morphism Θ is a τ -local epimor-
phism, by Lemma A.6.
On the other hand, suppose that t ∶ T → S is a proper S-scheme, and let a0 and
a1 be sections in (hw,+ ∐hz,+ hp,+ )(t) such that Θt(a0) = Θt(a1). When either a0 or a1
coincides with the base point in (h
w,+ ∐hz,+ hp,+ )(t), so does the other. Assuming that
a0 ≠ ∗ and a1 ≠ ∗, we distinguish the three cases.
(1) There exist sections a′0 and a
′
1 in hw,+(t) such that a0 = [a′0] and a1 = [a′1]. Then,
l∗(a′0) = Θt(a0) = Θt(a1) = l∗(a′1). Since a0 ≠ ∗ and a1 ≠ ∗, the sections a′0 and a′1
are morphisms t → w of proper S-schemes for which l ○ a′0 = l ○ a′1, which implies
that a′0 = a
′
1, as l is a monomorphism of proper S-schemes. Hence, a0 = a1.
(2) There exists a section a′0 in hw,+(t) and a section a′1 in hp,+(t) such that a0 = [a′0]
and a1 = [a′1]. Then, a′0 (resp. a′1) is a morphism t → w (resp. t → p) of proper
S-schemes, as a0 ≠ ∗ and a1 ≠ ∗. Then, l ○ a′0 = Θt(a0) = Θt(a1) = g ○ a′1, and hence
there exists a morphism a′ ∶ t → z of proper S-schemes such that a′0 = g∗(a′) and
a′1 = i∗(a′), as the diagram (35) consists of Cartesian squares. Thus, a0 = [a′0] =
MOTIVIC MEASURES THROUGH WALDHAUSEN K-THEORIES 35
[a′1] = a1. The same argument applies when there exists a section a′0 in hp,+(t) and
a section a′1 in hw,+(t) such that a0 = [a′0] and a1 = [a′1].
(3) There exist sections a′0 and a
′
1 in hp,+(t) such that a0 = [a′0] and a1 = [a′1]. As
a0 ≠ ∗ and a1 ≠ ∗, the sections a′0 and a′1 are morphisms t→ p of proper S-schemes
such that g ○ a′0 = Θt(a0) = Θt(a1) = g ○ a′1. Consider the diagram
t
k,l
t
k,j
l
t
z xp
w yq
⌜ ⌝
⌜ ⌝
a′k a
′
k,j
l
a′
k,l
g fg
○
j
k,l
○
j
i
○
j
l
Ò
lk
Ò
l
Ò
i
(37)
of Cartesian squares of S-schemes, for k = 1,0. Since g ○ a′0 = g ○ a′1, there exist
such Cartesian squares with
t
l
∶= t
0,l
= t
1,l
, l ∶= l′0 = l′1 , tj
l
∶= t
0,j
l
= t
1,j
l
, and j
l
∶= j′
0,l
= j′
1,l
.
Then, one has f ○ a′
0,j
l
= f ○ a′
1,j
l
, which implies the existence of a cdp-cover σ
j
l
∶
t′
j
l
→ t
j
l
such that
a′
0,j
l
○ σ
j
l
= a′
1,j
l
○ σ
j
l
, (38)
as f∗ ∶ hx → hy is a cdp-local monomorphism, by Proposition A.16.
Since σ
j
l
is a proper morphism, the category Comp
S
(σ
j
l
, l) is nonempty, and there
exists a compactification l′ ∶ t′
l
֒ XÐ→ t′ of t′
j
l
that fits into a diagram
t′
l
t′
j
l
t′
t
l
t
j
l
t
⌜ ⌝
σ σj
l
σ
l
○
j
l′
○
j
l
Ò
l
Ò
l′
of Cartesian squares of S-schemes. Since σ
j
l
is a cdp-cover, the set {l ∶ t
l
֒ XÐ→ t, σ ∶
t′ → t} is a cdp-covering family of t in Prop/S. Indeed, let k be a field, and let
b ∶ Speck → T be a morphism of schemes in Noefd , then either b lifts along l or j
l
. In
the latter case, the lift Speck → T
j
l
lifts along the cdp-cover σ
j
l
, which lifts b along
σ, where T
j
l
is the underlying scheme of t
j
l
. Since l is a monomorphism of schemes
and j
l
is a complementary open immersion to l, one sees that the morphism σ
l
is
a cdp-cover.
Let {i
α
∶ t
α
→ t′ ∣ α ∈ A} be the cdp-covering family of t′ in Prop/S by its integral
components, and consider the Cartesian squares (39) of S-schemes, for every α ∈ A.
Then, the set {i
α,l
∶ t
α,l
→ t′
l
∣ α ∈ A} is a cdp-covering family of t′
l
in Prop/S, and
hence the set
U ∶= {l ○ σ
l
○ i
α,l
∶ t
α,l
→ t ∣ α ∈ A}⋃{σ ○ iα ∶ tα → t ∣ α ∈ A}
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is a cdp-covering family in Prop/S. For every α ∈ A, we distinguish two cases.
(a) When t
α,j
l
is nonempty, the open immersion j
lα
is dominant, and hence
a′
0
○ σ ○ i
α
= a′
1
○ σ ○ i
α
, by [Vak15, Reduced-to-Separated Th.10.2.2] and (38).
Thus, one has (σ ○ i
α
)∗(a
0
) = [a′
0
○ σ ○ i
α
] = [a′
1
○ σ ○ i
α
] = (σ ○ i
α
)∗(a
1
).
(b) When t
α,j
l
≅ ∅
S
, the morphism i
α
factorises through l′, and hence there exists
a′
α,k
in h
w,+
(t
α
) with [a′
α,k
] = (σ ○ i
α
)∗(a
k
) ∈ (h
w,+ ∐hz,+ hp,+ )(tα), for k = 0,1.
Since Θ
t
(a0) = Θt(a1), one has l∗(a′α,0) = l∗(a′α,1), and hence a′α,0 = a′α,1 as l is
a monomorphism of proper S-schemes. Therefore, (σ○i
α
)∗(a
0
) = (σ○i
α
)∗(a
1
).
Thus, for every α ∈ A, one has
(σ ○ i
α
)∗(a
0
) = (σ ○ i
α
)∗(a
1
) and (l ○ σ
l
○ i
α,l
)∗(a
0
) = (l ○ σ
l
○ i
α,l
)∗(a
1
).
Therefore, there always exists a cdp-covering family V of t in Prop/S such that δ∗(a0) =
δ∗(a1), for every δ ∈ V , i.e. the morphism Θ is a τ -local monomorphism, by Lemma
A.6. Therefore, the square (36) is a pushout square in C ωτ (S), i.e. the morphism f! is
an isomorphism in C ωτ (S).
t′
l
t′
j
l
t′
t
α,l
t
α,j
l
t
α⌜ ⌝
iα
i
α,j
l
i
α,l
○
j
l′
○
j
lα
Ò
lα
Ò
l
′
(39)
(1⇒ 2) Assume that f is proper and that f
!
is an isomorphism, i.e. Θ is a τ -local isomorphism.
For surjectivity, suppose that k is an algebraically closed field, let b ∶ Speck → Y
be a morphism in Noe
fd
, let l′ ∶ V ֒ XÐ→ Y be the scheme-theoretic image of b, and let
b ∶ Speck → V be the unique morphism in Noefd for which b = l′ ○ b. For v ∶= y ○ l′, there
exists a Cartesian square
t
y q
v ⌜
ÒlÒl′
○
j
l
○
j
of S-schemes, where l is the scheme-theoretic image of the immersion j
l
○ l′, by Lemma
4.3. Since l is a section in h
q,+
(t), there exists a τ -cover σ ∶ t′ → t and a section a in
h
w,+(t′)∐hz,+(t′) hp,+(t′) such that Θt′(a) = l ○ σ. The section a is not the base point in
h
w,+
(t′)∐hz,+(t′) hp,+(t′) as l is not the base point of hq,+(q′). Since τ is coarser than the
proper pretopology, the morphism σ is surjective, and hence the morphism j ○ b lifts to
a morphism b′ ∶ Speck → T ′ along σ, where T is the underlying scheme of t′.
Assume for the sake of contradiction that there exists a morphism a′ ∶ t′ → w for
which a = [a′], and hence l○a′ = Θt′(a) = l○σ, then the morphism jl ○b lifts along l, which
contradict the definition of j
l
as a complementary open immersion to l. Therefore, there
exists a morphism a′ ∶ t′ → p for which a = [a′], i.e. g ○ a′ = l ○ σ.
The morphism a′○b′ lifts either along i or j
i
. Assuming that a′○b′ lifts along i implies
that exists a morphism a′ ∶ t′ → w for which a = [a′], which leads to a contradiction.
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Thus, a′ ○ b′ lifts along j
i
to a morphism a ∶ Speck →X , i.e. a′ ○ b′ = j
i
○ a. Then,
j
l
○ f ○ a = g ○ j
i
○ a = g ○ a′ ○ b′ = l ○ σ ○ b′ = l ○ j ○ b = j
l
○ l′ ○ b = j
l
○ b,
and hence f is surjective, as j
l
is a monomorphism in Noe
fd
.
On the other hand, for universal injectivity, suppose that k is an algebraically closed
field, and let b0, b1 ∶ Speck →X be morphisms of schemes in Noefd such that f ○b0 = f ○b1,
let i0 ∶ Z0 ֒ XÐ→ P and i1 ∶ Z1 ֒ XÐ→ P be the scheme-theoretic images of ji ○ b0 and ji ○ b0,
respectively, and let b′1 ∶ Speck → Z0 (resp. b′0 ∶ Speck → Z1) denote the unique
morphism in Noe
fd
for which j
i
○ b0 = i0 ○ b′1 (resp. ji ○ b1 = i1 ○ b′0). Let z0 ∶= p ○ i0 (resp.
z1 ∶= p ○ i1), and denote by g0 ∶ z′ → z1 (resp. g1 ∶ z′ → z0) the base change in Prop/S
of g ○ i0 (resp. g ○ i1) along g ○ i1 (resp. g ○ i0). Then, there exists a unique morphism
of schemes b ∶ Speck → Z ′ in Noefd such that b′0 = g0 ○ b and b′1 = g1 ○ b, where Z ′ is the
underlying scheme of z′. Thus, i0 ○ g1, i1 ○ g0 ∈ hp,+(z′) and g∗(i0 ○ g1) = g∗(i1 ○ g0).
Since Θ is a τ -local monomorphism and g ○ j
i
○ b0 = g ○ ji ○ b1 does not factorise through
l, there exists a τ -cover σ ∶ z → z′ for which i0 ○ g1 ○ σ = i1 ○ g0 ○ σ. The morphism b
lifts along τ -covers as the latter are surjective, in particular, it lifts along σ. Thus, one
has j
i
○ b0 = ji ○ b1, and hence b0 = b1, as ji is a monomorphism in Noe
fd
. Then, f is
universally injective, by [Gro60, §.3.5.5].
Therefore, the proper universally injective morphism f is finite, by [Gro66, Th.8.11.1],
and hence it is a universal homeomorphism, by [Gro65, Prop.2.4.5].

Corollary 5.5. The motivic measure µ
τ
factorises through the the motivic measure µ
uh
, which
takes value in the modified Grothendieck ring of S-schemes.
Some partial results, based on an analogue of [Voe96, Th.3.2.9], led us in the direction of the
following conjecture. However, we do not have a full prove, yet.
Conjecture 5.6. The motivic measure µ
cdp
is isomorphic to the motivic measure µ
uh
.
The validity of this conjecture would extend the modified Grothendieck ring of S-schemes,
through the Waldhausen K-theory spectrum K (C ω(S)), which we investigate in a future work.
5.1. The Commutative Ring Spectrum Structure. The spectrum K (C ωτ (S)) admits a
canonical commutative ring spectrum structure, i.e. a homotopy commutative monoid structure
in the category of S1-spectra of pointed topological spaces.
The functor ∗→ Prop/S that sends the unique object of ∗ to idS is continuous, with respect
to the indiscrete topology on ∗ and any topology on Prop/S. Hence, it induces an exact functor
of Waldhausen categories uτ
S
∶ PSh●(∗) ≅ Set● → Cτ (S), which is a left adjoint to the the global
section functor Cτ(S)→ Set●, i.e. uτS is given by sending a pointed sets to its constant pointed
τ -sheaf. Recall that the category FSet● of pointed finite sets admits a symmetric monoidal
Waldhausen structure, as seen in Example 3.7. The category C ωτ (S) contains the unit 1∧ = hτid
S
,
admits all finite colimits, and the τ -sheafification functor commutes with colimits. Thus, the
functor uτ
S
restricts to the exact functor of Waldhausen categories υCωτ (S) ∶ FSet● → C ωτ (S),
given in (1), which we denote by υτ
S
.
On the other hand, C ωτ (S) is a symmetric monoidal Waldhausen category, by Lemma 5.1.
Hence, there exists a paring ⊗ ∶ K (C ωτ (S)) ∧ K (C ωτ (S))→ K (C ωτ (S)), see [Wal85, p.342]. That
makes K (C ωτ (S)) into a commutative ring spectrum, see [BM11, Cor.2.8].
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5.2. The Monoidal Proper-Fibred Waldhausen Category. The K-theory commutative
ring spectrum K (C ωτ (S)), for a Noetherian scheme S of finite Krull dimension, arises from a
fibre of a monoidal proper-fibred Waldhausen category over Noetherian schemes of finite Krull
dimensions7. That is, there exists a strong monoidal pseudofunctor C ωτ ∶ Noefd
op → Wald∧2 ,
where Wald∧2 is the 2-category of essentially small symmetric monoidal Waldhausen categories,
weak monoidal exact functors between them, and monoidal natural transformations between
the latter, such that
● for every scheme S ∈ Noefd the fibre C ωτ (S) is the symmetric monoidal Waldhausen
category constructed in (31), by Lemma 5.9;
● for every proper morphism f ∶ S → T in Noefd , the pullback f∗ ∶ C ωτ (T )→ C ωτ (S) admits
an exact left adjoint f# ∶ C ωτ (S)→ C ωτ (T ), by Lemma 5.14;
● C ωτ satisfies the proper-base change property, by Lemma 5.21; and
● C ωτ satisfies the proper-projection formula, by Lemma 5.24.
Then, applying the Waldhausen’s K-theory 2-functor8 induces the monoidal proper-fibred com-
mutative ring spectrum K(C ωτ ) ∶ Noefdop → CRingSpt2. In fact, the strong monoidal cdp-functor
h
τ ∶ Prop/S → C ωτ (S), given in (32), arises from the geometric section of C ωτ , see [CD13, §.1.1.c].
Remark 5.7. The statements in the rest of this subsection were motivated by Dan Petersen’s
answer in [Pet14], which recalls Ekedahl’s approach to higher Grothendieck groups of varieties.
The statements of Lemma 5.21 and Lemma 5.24 are essentially consequences of [CD13, Ex.1.1.11
and Ex.1.1.28].
5.2.1. Inverse Image. Recall the canonical proper-fibred category Prop/− ∶ Noefd → CAT2, as in
[CD13, Ex.1.1.4 and Ex.1.1.11]. A morphism f ∶ S → T in Noefd induces a functor f -1 ∶ Prop/T →
Prop/S, that sends a proper T -scheme to its base change along f . That in turn induces a direct
image functor f∗ ∶ PSh●(Prop/S) → PSh●(Prop/T ), given by precomposition with (f -1)op, i.e.
for a presheaf X ∈ PSh●(Prop/S) and for a proper T -scheme q, one has f∗(X )(q) = X (f -1(q)).
The functor f∗ admits a left adjoint f
∗
pre ∶ PSh●(Prop/T ) → PSh●(Prop/S), called the inverse
image functor along f , and it is given by a left Kan extension along (f -1)op, see §.A.2. The
functor −
+
commutes with colimits, for being a left adjoint. Then, using the coend formula
[ML98, §.X.4.(1)], one sees that
f∗pre(hq,+)(p) = (
x∈Prop/T
∫ Prop/S(p, f -1(x)) × Prop/T (x, q))
+
≅ (
x∈Prop/T
∫ Prop/S(p, f -1(x)) × Prop/S(f -1(x), f -1(q)))
+
≅ (Prop/S(p, f -1(q)))
+
≅ h
f
-1
(q),+
(p),
for every proper T -scheme q and for every proper S-scheme p, i.e. f∗pre(hq,+) ≅ h
f
-1
(q),+
. In fact,
this is a defining property for f∗pre, as every object in PSh●(Prop/T ) is a colimit of a diagram
in the essential image of h
−,+
.
Since the base change functor f
-1
commutes with fibre products, it is continuous with respect
to the τ -pretopology, see [SGA73, §.III.Prop.1.6]. Thus, the direct image functor f∗ preserves
τ -sheaves, and it restricts to a functor f∗ ∶ Cτ (S)→ Cτ (T ), which admits a left adjoint f∗, given
7See [CD13, §.1] for a treatment of P-fibred categories, for a set P of morphisms of schemes.
8See [FP17, §.1] for the treatment of the 2-categorical Waldhausen’s K-theory.
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by the composition of f∗pre with the associated τ -sheaf functor −aτ . Since the τ -sheafification
functor commutes with colimits, one has
f∗(hτ
q
) ≅ hτ
f
-1
(q)
, (40)
for every proper T -scheme p.
Lemma 5.8. Assume that f ∶ S → T is a morphism in Noefd . Then, the functor f∗ ∶ Cτ (T ) →
Cτ (S) is a strong monoidal exact functor of symmetric monoidal Waldhausen categories.
Proof. The functor f
-1
is Cartesian, as limits commute with each other, and hence the functor
f∗pre is left exact, see [Joh02, A.Ex.4.1.10]. Also both the τ -sheafification functor and the
inclusion functor, of τ -sheaves into presheaves, are left exact. Thus, the left adjoint functor f∗
is left exact. In particular, the functor f∗ preserves monomorphisms, finite colimits, the unit
of the monoidal structure, and smash products of pointed τ -sheaves, as the latter only involves
finite limits and colimits of pointed τ -sheaves. 
Although the functor f∗ ∶ PSh●(Prop/S) → PSh●(Prop/T ) admits a right adjoint given by
the right Kan extension, its resection f∗ ∶ Cτ (S) → Cτ (T ) does not necessarily admit a right
adjoint. In particular, it is not necessarily exact.
Lemma 5.9. Assume that f ∶ S → T is a morphism in Noefd . Then, the functor f∗ ∶ Cτ (T ) →
Cτ (S) restricts to a strong monoidal exact functor f∗,ω ∶ C ωτ (T )→ C ωτ (S).
Proof. The statement follows from Lemma 5.8, provided the restriction f∗,ω exists. Since f∗
commutes with pushouts, it suffices to show that f∗ restricts to a functor f∗,0 ∶ C 0τ (T )→ C ωτ (S)
to induce a strong monoidal exact functor f∗,ω ∶ C ωτ (T )→ C ωτ (S), which holds by (40). 
When no confusion arises, we abuse notation, and refer to f∗,ω by f∗.
Corollary 5.10. Assume that f ∶ S → T is a morphism in Noefd . Then, the there exists a
morphism of commutative ring spectra f∗ ∶ K (C ωτ (T ))→ K (C ωτ (S)), that sends a point in the
component [hτ
q
] to a point in the component [hτ
f
-1
(q)
], for every proper T -scheme q.
Example 5.11. Assume that f ∶ S → T is a morphism in Noefd , let y be a T -scheme, and let
l ∶ w ֒ XÐ→ q be a compactification of y. Since f∗ is exact and complementary open immersions
are closed under pullbacks, one has
f∗(hcτ
y
) ≅ coker(f∗(hτ
w
)↣ f∗(hτ
q
)) ≅ coker(hτ
f
-1
(w)
↣ hτ
f
-1
(q)
) ≅ hcτ
f
-1
(y)
,
where the S-scheme f
-1(y) is a base change in Schft/T of y along f . Then, in particular,
π0(f∗)([hcτy ]) = [f∗(hcτy )] = [hcτ
f
-1
(y)
]. (41)
Since the motivic measure µ
τ,T
is surjective, by Lemma 5.3, one sees that the ring homomor-
phism π0(f∗) ∶ K0 (C ωτ (T )) → K0 (C ωτ (S)) is determined by (41). We may abuse notation and
refer to π0(f∗) by f∗.
Let f ∶ S → T and g ∶ T → U be morphisms in Noefd . Since Kan extensions are determined up
to canonical natural isomorphisms, one has canonical monoidal natural isomorphisms (g ○ f)∗ ∼⇒
f∗ ○ g∗ and (id
S
)∗ ∼⇒ id
Cωτ (S)
, which satisfy the cocycle condition.
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Corollary 5.12. There exists a pseudofunctor C ωτ ∶ Noe
fdop → Wald∧2 , which sends a Noetherian
scheme S of finite Krull dimension to the Waldhausen category C ωτ (S), given in (31), and
sends fop, for a morphism f ∶ S → T in Noefd , to the strong monoidal exact functor f∗,ω,
given in Lemma 5.9. Then, the Waldhausen’s K-theory 2-functor induces a pseudofunctor
K(C ωτ ) ∶ Noefdop → CRingSpt2.
5.2.2. Proper Direct Image. Suppose that f ∶ S → T is a proper morphism in Noefd . Then, the
functor f
-1
, given in §.5.2.1, admits a left adjoint f
○
∶ Prop/S → Prop/T , given by composition
with f . Thus, the functor f ! ∶ PSh●(Prop/T )→ PSh●(Prop/S), given by precomposition with f○ ,
is a left adjoint to f∗ ∶ PSh●(Prop/S)→ PSh●(Prop/T ), and hence f ! is canonically isomorphic
to f∗pre. The functor f
! admits a left adjoint f#,pre, given by a left Kan extension along f
op
○
.
Since the functor f○ preserves τ -coving families, f
! restricts to a functor f ! ∶ Cτ (T ) → Cτ(S),
which is canonically isomorphic to f∗. The functor f ! admits a left adjoint f# ∶ Cτ (S)→ Cτ (T ),
called the proper direct image functor along f , and it is given by the τ -sheafification of f#,pre.
Similar to the inverse image functor, for a proper S-scheme p, one has
f#(hτ
p
) ≅ hτ
f○ (p)
, (42)
which is a defining property of f#.
Lemma 5.13. Assume that f ∶ S → T is a proper morphism in Noefd . Then, the functor
f# ∶ Cτ (S)→ Cτ (T ) is an exact functor of Waldhausen categories.
Proof. It is sufficient to show the functor f# commutes with monomorphisms, as it commutes
with colimits for being a left adjoint.
Assume that ι ∶ X → Y is a monomorphism in Cτ (S), let q be a proper T -scheme, and let
t0, t1 ∈ f#(X )(q) such that f#(ι)q(t0) = f#(ι)q(t1).
By the definition of the τ -sheafification functor, as in [Vis08, Def.2.63], there exists a τ -
covering family U = {σα ∶ qα → q ∣ α ∈ A}, and there exists a section tk,α ∈ f#,pre(X )(qα) such
that σ∗α(tk) = tak,α for every α ∈ A, for k = 0,1. For α ∈ A, pulling back along σα yields
(f#(ι)qα(t0,α))a = f#(ι)qα(ta0,α) = f#(ι)qα(ta1,α) = (f#,pre(ι)qα(t1,α))a.
Thus, there exits a τ -covering family Uα = {σα,β ∶ qα,β → qα ∣ β ∈ Bα} for which
f#,pre(ι)qα,β(σ∗α,β(t0,α)) = σ∗α,β(f#,pre(ι)qα(t0,α)) = σ∗α,β(f#,pre(ι)qα(t1,α))
= f#,pre(ι)qα,β(σ∗α,β(t1,α)).
The functor f#,pre is a left Kan extension along f
op
○
. For a proper T -scheme q′, the coend
formula [ML98, §.X.4.(1)] implies that the underlying set of f#,pre(X )(q′) can be given by
( ⊔
p∈Prop/S
Prop/T (q′, f ○ p) ×X (p))/ ∼,
where ∼ is the smallest equivalence relation that identifies (g, s) ∈ Prop/T (q′, f ○ p) × X (p)
and (g′, s′) ∈ Prop/T (q′, f ○ p′) ×X (p′) whenever there exists a morphism h ∶ p → p′ of proper
S-schemes for which g′ = f
○
(h)○g and s = h∗(s′); whereas the point of f#,pre(X )(q′) is given by
the unique class [(g,∗)], which is independent of the choice of the proper S-scheme p and the
morphism g ∶ q′ → f ○ p of proper T -schemes. Also, one has f#,pre(ι)q′ ([(g, s)]) = [(g, ιp(s))],
for every proper S-scheme p, every morphism g ∶ q′ → f ○ p of proper T -schemes, and for every
section s ∈ X (p).
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For k = 0,1, for α ∈ A, and for β ∈ Bα, let pk,α,β be a proper S-scheme, let gk,α,β ∶ qα,β →
f ○pk,α,β be a morphism of proper T -schemes, and let sk,α,β ∈ X (pk,α,β) for which σ∗α,β(tk,α) =[(gk,α,β , sk,α,β)]. Since
[(g0,α,β, ιp0,α,β (s0,α,β))] = f#,pre(ι)qα,β([(g0,α,β , s0,α,β)]) = f#,pre(ι)qα,β([(g1,α,β, s1,α,β)])
= [(g1,α,β, ιp1,α,β (s1,α,β))],
there exist a proper S-scheme pα,β , a morphism gα,β ∶ qα,β → f ○ pα,β of proper T -schemes, and
a morphism hk,α,β ∶ pα,β → pk,α,β of proper S-schemes, such that gk,α,β = f○(hk,α,β) ○ gα,β and
ιpα,β(h∗0,α,β(s0,α,β)) = h∗0,α,β(ιp0,α,β (s0,α,β)) = h∗1,α,β(ιp1,α,β (s1,α,β)) = ιpα,β(h∗1,α,β(s1,α,β)).
Since ι is a monomorphisms, one has h∗0,α,β(s0,α,β) = h∗1,α,β(s1,α,β), and hence
σ∗α,β(t0,α) = [(g0,α,β, s0,α,β)] = [(g1,α,β, s1,α,β)] = σ∗α,β(t1,α).
Thus, (σα ○ σα,β)∗(t0) = σ∗α,β(t0,α)a = σ∗α,β(t1,α)a = (σα ○ σα,β)∗(t1). Since {σα ○ σα,β ∶ qα,β →
q ∣ α ∈ A,β ∈ Bα} is a τ -covering family in Prop/T and f#(X ) is a τ -sheaf, one has t0 = t1. 
Lemma 5.14. Let f ∶ S → T be a proper morphism in Noefd . Then, the functor f# ∶ Cτ (S) →
Cτ (T ) restricts to an exact functor of Waldhausen categories fω# ∶ C ωτ (S)→ C ωτ (T ).
Proof. The proof is essentially the same as of the proof of Lemma 5.9, utilising Lemma 5.13
and (42) instead of Lemma 5.8 and (40). 
When no confusion arises, we abuse notation, and refer to fω# by f#.
Corollary 5.15. Assume that f ∶ S → T is a proper morphism in Noefd . Then, the functor
f# ∶ C ωτ (S) → C ωτ (T ) induces a morphism of spectra f# ∶ K (C ωτ (S)) → K(C ωτ (T )), that sends
a point in the component [hτ
p
] to a point in the component [hτ
f○ (p)
], for a proper S-scheme p.
Also, we may abuse notation if no confusion arises and refer to π0(f#) by f#.
Example 5.16. Assume that f ∶ S → T is a proper morphism in Noefd , let x be an S-scheme,
and let i ∶ z ֒ XÐ→ p be a compactification of x. Since f# is exact and f○ preserves complementary
open immersions, one has
f#(hcτx ) ≅ coker(f#(hτz )↣ f#(hτp )) ≅ coker(hτf○ (z) ↣ hτf○ (p)) ≅ hcτf○x .
Thus, in particular, f#([hcτx ]) = [f#(hcτx )] = [hcτf○x].
Suppose that f ∶ S → T and g ∶ T → U are proper morphisms in Noefd . Then, there exist
canonical natural isomorphisms (g ○ f)# ∼⇒ g# ○ f# and (idS)# ∼⇒ idCωτ (S) , which satisfy the
cocycle condition.
Corollary 5.17. The fibred Waldhausen category C ωτ , given in Corollary 5.12, is in fact a pre-
proper-fibred Waldhausen category, i.e. there exists a pseudofunctor C ωτ ∶ Noefd
prop → Wald2,
where Wald2 is the 2-category of essentially small Waldhausen categories, exact functors between
them, and natural transformations between the latter, which sends a proper morphism f ∶ S → T
in Noe
fd
to the exact functor fω#, given in Lemma 5.14, that is a left adjoint to f
∗. Then, the
Waldhausen’s K-theory 2-functor induces a pseudofunctor K(C ωτ ) ∶ Noefdprop → Spt2.
In contract to the inverse image, the proper direct image is not necessarily strong monoidal.
That is, for a proper morphism f ∶ S → T in Noefd , one has f#(1S) = f#(hτid
S
) ≅ hτ
f○ (idS
)
≅ h
τ
f
,
which is not necessarily isomorphic to 1
T
for a proper morphism f . However, since f# is a left
adjoint to the strong monoidal functor f∗, it is oplax monoidal, see [CD13, §.1.1.24].
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Example 5.18. Suppose that p is a proper S-scheme. Then, [hτ
p
] = [(p#○p∗)(1S)] ∈ K0 (C ωτ (S)).
5.2.3. Open Direct Image. For a morphism f ∶ S → T in Noefd , the right adjoint direct image
functor f∗ ∶ Cτ (S) → Cτ (T ) is not necessarily an exact functor of Waldhausen categories, as
it may not commute with pushouts. However, when j is an open immersions, the functor j∗
is a strong monoidal exact functor, as in Corollary 5.20. Then, it suffices to show that j∗
restricts to a functor j0∗ ∶ C 0τ (S) → C ωτ (T ), in order to induce a strong monoidal exact functor
jω∗ ∶ C ωτ (S) → C ωτ (T ). However, it is not clear to us that such a restriction exists. Also,
we intended to use the open direct image functor to extend the proper direct image to all
morphisms in Noe
fd
, but it does not seem to provide an extension independent from the choice
of compactifications.
For an open immersion j ∶ S ֒ ○Ð→ T in Noefd , we first show that the functor j-1 is almost
cocontinuous, as in Definition A.7, then we apply Lemma A.8 to deduce that j∗ is a strong
monoidal exact functor. However, we do not pursue studying j
-1
further here, and we leave it
for a further work.
Lemma 5.19. Let j ∶ S ֒ ○Ð→ T be an open immersion in Noefd . When τ is either the cdp-
pretopology or the proper pretopology, the functor j
-1
is continuous and almost cocontinuous
with respect to the τ -pretopology.
Proof. The functor j
-1
is continuous with respect to the τ -pretopology for preserving τ -covering
families, see [SGA73, §.III.Prop.1.6].
Assume that q ∶ Q→ T is a proper T -scheme, let q′ ∶ Q′ → S be a base change of q along j, and
let U = {σα ∶ pα → q′ ∣ α ∈ A} be a τ -covering family in Prop/S. Recall that schemes of finite
type over Noetherian schemes are Noetherian, by [Sta17, Tag 01T6]. Since Q′ is Noetherian, the
open immersion j′ ∶= q-1(j) is quasi-compact, and hence of finite type, see [Sta17, Tags 01P0,
01TU, and 01TW]. Thus, for every α ∈ A, the category of compactifications CompQ(j′ ○ σα)
is nonempty, by Nagata’s Compactification Theorem. Hence, there exists a proper Q-scheme
zα ∶ Zα → Q which admits an open immersion jα ∶ j′ ○ σα ֒ ○Ð→ zα in Schft/Q. Consider the
commutative diagram
S
T
Q′Zα ×Q Q′
Zα Q
Pα
⌜ ⌜
○ j○ j′○ j
α
zα
z
α
q
q′
kα
○jα
σα
in Noe
fd
, where Pα is the underlying scheme of pα, and kα is the unique morphism Pα → Zα×QQ′
in Noe
fd
, induced by the universal property of fibre products that makes the diagram commute.
Since j
α
is an open immersion, so is kα. Also, kα is proper, as σα is proper. Then, kα is a
closed open immersion, by [Gro67, Cor.18.12.6]. Let lα ∶ Wα ֒ XÐ→ Zα be the scheme-theoretic
image of the immersion jα, and let j
′
α ∶ Pα → Wα be the unique morphism of Q-schemes for
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which j
α
○ kα = lα ○ j′α. Then, j′α is an open immersion, and the square
Wα
Zα ×Q Q′
Zα
Pα⌜
Ò
lα
Ò
kα
○ j
α
○j′α
is Cartesian, by Lemma 4.3.
Let z ∶ Z ֒ XÐ→ Q be a closed immersion complementary to j′ ∶ Q′ ֒ ○Ð→ Q, one may choose Z
to have the reduced induced structure, but such a choice does not affect the argument. Then,
we will see that the set of proper morphisms
V ∶= {zα ○ lα ∶Wα → Q ∣ α ∈ A}⊔{z ∶ Z ֒ XÐ→ Q}
is a τ -covering family of Q.
● When τ is the proper pretopology, it is evident that V is a proper covering family.
● On the other hand, when τ is the cdp-pretopology, for every field k, every morphism
x ∶ Speck → Q in Noefd lifts either through z or j′. When x lifts through j′ to a
morphism x′ ∶ Speck → Q′, since U is a cdp-covering, there exists αx ∈ A, such that x′
lifts through σαx , i.e. the k-point x lifts through zαx ○ lαx . Thus, for every field k, every
k-point in Q lifts through a morphism in V , and hence V is a cdp-covering family.
For every α ∈ A, the morphism j
-1(zα ○ lα) is isomorphic to pα, and hence factorises through it.
On the other hand, the empty sieve is a τ -covering sieve on the empty S-scheme j
-1(q ○z) ≅ ∅
S
.
Therefore, the functor j
-1
is almost cocontinuous, as in Definition.A.7. 
This proof shows, in particular, that the functor j
-1 ∶ Prop/T → Prop/S is essentially surjec-
tive, when j ∶ S ֒ ○Ð→ T is an open immersion in Noefd .
Corollary 5.20. Let j ∶ S ֒ ○Ð→ T be an open immersion in Noefd . When τ is either the cdp-
pretopology or the proper pretopology, the direct image functor j∗ ∶ Cτ (S)→ Cτ(T ) is a strong
monoidal exact functor, cf. [GK15, Prop.4.5].
Proof. A direct result of Lemma 5.19 and Lemma A.8. 
5.2.4. Proper Base Change. The inverse image and proper direct image functors satisfy the
proper-base change property, as in [CD13, §.1.1.9].
Lemma 5.21. Assume that f is a proper morphism in Noe
fd
, and let
S′ S
T ′ T
⌜
ff ′
g′
g
be a Cartesian square in Noe
fd
. Then, the exchange natural transformation Θ ∶ f ′# ○g′∗⇒g∗ ○f# ∶
C ωτ (S) → C ωτ (T ′), induced by the adjunctions f ′# ⊣ f ′∗ and f# ⊣ f∗ is an isomorphism, which
induces a canonical homotopy Θ ∶ f ′# ○ g′∗⇒g∗ ○ f# ∶ K (C ωτ (S))→ K (C ωτ (T ′)).
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Proof. The functor f ′#○g′∗ (resp. g∗○f#) is given by the τ -sheafification of a left Kan extension
along (f ′
○
○ g′-1)op (resp. (g-1 ○ f
○
)op), and the natural transformation Θ is induced from the
canonical natural transformation f ′
○
○g′-1 ⇒ g-1○f
○
∶ Prop/S → Prop/T ′, by the universal property
of Kan extensions.
For a proper S-scheme p ∶ P → S, considering the diagram
P ′
P
S′
S
T ′
T,
⌜⌜
f
f ′
g′ g
p
g′
-1
(p)
of Cartesian squares in Noe
fd
, one sees that the canonical morphism f ′
○
(g′-1(p)) → g-1(f
○
(p)) in
Prop/T ′ is an isomorphism, and hence the induced natural transformation Θ ∶ f ′# ○ g′∗⇒g∗ ○ f#
is a natural isomorphism, cf. [CD13, Ex.1.1.11]. 
Corollary 5.22. Let i ∶ S ֒ XÐ→ T be a closed immersion in Noefd . Then, the functor i# ∶ C ωτ (S)→
C ωτ (T ) is fully faithful.
Proof. The statement of the corollary follows from [CD13, Cor.1.1.20] as C ωτ is a proper-fibred
category over Noe
fd
, by Corollary 5.12, Lemma 5.14, Lemma 5.21, and [CD13, §.1]. 
Example 5.23. Assume that i ∶ V ֒ XÐ→ S is a closed immersion in Noefd with complementary
open immersion j ∶ U ֒ ○Ð→ S. Then, one has the Cartesian squares
∅ V
U S
⌜
ÒiÒ∅U
○
∅V
○
j
V V
V S
⌜
ÒiÒidV
Ò
idV
Ò
i
in Noe
fd
. Since Cτ (∅) is isomorphic to the terminal Waldhausen category with one object and
one morphism, one has a natural isomorphism (j∗ ○ i#)(X ) ≅ hτ∅U = 0 for every X ∈ C ωτ (V )
i.e. j∗ ○ i# is naturally isomorphic to the zero functor C ωτ (V )→ C ωτ (U). Also, the adjoint unit
idCωτ (V ) ⇒ i∗ ○ i# is a natural isomorphism, and hence i∗ is essentially surjective.
5.2.5. Proper Projection Formula. The inverse image and proper direct image functors also
satisfy the proper-projection formula property, as in [CD13, §.1.1.26].
Lemma 5.24. Assume that f ∶ S → T is a proper morphism in Noefd . Then, f satisfies the
projection formula, i.e. for pointed τ -sheaves X in C ωτ (S) and Y in C ωτ (T ), the projection
natural transformation f#(X ∧S f∗(Y ))⇒ f#(X )∧T Y , induced by the adjunction f# ⊣ f∗,
is an isomorphism in C ωτ (T ), cf. [CD13, Ex.1.1.28].
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Proof. Suppose that p ∶ P → S (resp. q ∶ Q → T ) is a proper S-scheme (resp. T -scheme).
Similar to the proof of Lemma 5.21, considering the diagram
P ′
P
Q′ Q
S T,
⌜⌜
f
f
-1
(q) q
p
of Cartesian squares in Noe
fd
, one sees that the projection morphism f
○
(p×id
S
f
-1(q))→ f
○
(p)×id
T
q, induced by the adjunction f
○
⊣ f -1 , is an isomorphism in Prop/T , and hence the induced
projection natural transformation f#(hτp ∧S f∗(hτq ))⇒ f#(hτp )∧T hτq is an isomorphism in C ωτ (T ).
Then, the statement of the proposition follows from the symmetric product ∧
S
and ∧
T
being
biexact, and the functors f# and f
∗ being exact. 
Corollary 5.25. Let f ∶ S → T be a proper morphism in Noefd . Then, there exists a canonical
path f#(x ⋅f∗(y))→ f#(x) ⋅y in K (C ωτ (T )), for every x ∈ K (C ωτ (S)) and y ∈ K (C ωτ (T )). Thus,
one has f#([hcτx ] ⋅ f∗([hcτy ])) = f#([hcτx ]) ⋅ [hcτy ], for every S-scheme x and T -scheme y.
5.3. Counting Rational Points. The motivic measure of counting rational points over a
finite field is a shadow of a point on the cdp-site of proper schemes over the ground field, as in
Corollary 5.28.
Fix a finite field Fq with q elements. Recall that a point on the cdp-site (Prop/Fq, cdp) is an
adjunction u∗ ∶ Shvcdp(Prop/Fq)⇄ Set ∶ u∗, in which u∗ is left exact, see §.A.2.1. Since both u∗
and u∗ are left exact, they both preserve the final objects; and hence they induce an adjunction
u∗● ∶ C (Fq) ⇄ Set● ∶ u∗,●, for having C (Fq) ≅ ∗ ↓ Shvcdp(Prop/Fq) and Set● ≅ ∗ ↓ Set. Moreover,
u∗● is also left exact, and hence it is a strong monoidal exact functor.
Recall that if a functor u ∶ Prop/Fq → Set is flat and continuous with respect to the cdp-
pretopology, it defines a point (u∗, u∗) in the cdp-site, where
u∗ = − ⊗Prop/Fq u and u∗ = HomProp/Fp(u,−)
are the stalks and skyscraper functors associated to u, respectively, see §.A.2.1.
Lemma 5.26. The functor Γ● ∶ C (Fq) → Set●, induced by the global section functor Γ ∶
Shvcdp(Prop/Fq) → Set is a strong monoidal exact functor. Moreover, for every Fq-scheme X ,
one has an isomorphism of pointed sets Γ●(hcX ) ≅X(Fq)+.
Proof. The corepresentable functor u ∶= hSpecFq ∶ Prop/Fq → Set is flat and continuous with
respect to the cdp-pretopology, as seen below.
● Since Prop/Fq is Cartesian, every corepresentable functor is flat, as its category of
elements is cofiltered, see [MLM92, §.VII.6.Def.2 and Th.3]. In particular, u is flat.
● In the light of §.A.2.1, to show that u is continuous with respect to the cdp-pretopology,
it suffices to show that HomProp/Fp(u,S) is a cdp-sheaf for every set S ∈ Set and that
the sheafification morphism ηP ∶ P → Pacdp is mapped to a bijection by the functor
− ⊗Prop/Fq u, for every presheaf P ∈ PSh(Prop/Fq).
– For a cdp-square (45) in Prop/Fq, a rational point x ∶ SpecFq → X factorises
uniquely though either A or Y , or both (in which case it factorises uniquely through
B). Thus, the functor u maps every cdp-square in Prop/Fq to a pushout square
in Set, and hence the functor uop maps cdp-squares to Cartesian squares in Setop.
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Since limits commute with each other and representable functors preserve limits,
the presheaf HomProp/Fp(u,S) maps cdp-squares to pullback squares. Also, it maps
the empty Fq-scheme to a terminal set. Hence, Hom
Prop/Fp(u,S) is a cdp-sheaf, for
every set S ∈ Set, by Lemma A.11.
– For every presheaf P ∈ PSh(Prop/Fq), one has
P ⊗Prop/Fq u =
P ∈Prop/Fq
∫ PSh(Prop/Fq)(hP ,P) × u(P ) ≅ P(SpecFq).
Since the cdp-pretopology is completely decomposed, every cdp-covering family of
SpecFq splits. That is, every cdp-covering family U = {σα ∶ Pα → SpecFq ∣ α ∈ A}
in Prop/S admits a refinement V = {δβ ∶ Qβ → SpecFq ∣ β ∈ B} such that Qβ0 =
SpecFq and δβ0 = idSpecFq for some β0 ∈ B. Therefore, ηP,SpecFq ∶ P(SpecFq) →
P
acdp (SpecFq) is a bijection, and so is ηP ⊗Prop/Fq u.
Then, there exists a cdp-point u∗ ∶ Shvcdp(Prop/Fq) ⇄ Set ∶ u∗, with the stalks and skyscrapers
functors u∗ = −⊗Prop/Fqu and u∗ = HomProp/Fp(u,−). In particular, for a cdp-sheaf X on Prop/Fq,
one has
u∗(X ) ≅ X (SpecFq) ≅ Shvcdp(Prop/Fq)(hacdp
SpecFq
,X ) ≅ Shvcdp(∗,X ) = Γ(X ).
Therefore, the induced functor Γ● ∶ C (Fq) → Set● is a strong monoidal exact functor of Wald-
hausen categories, for being a left exact left adjoint functor.
For an Fq-scheme X , let i ∶ Z ֒ XÐ→ P be a compactification of X in Schft/Fq. Since every
cdp-covering family of SpecFq splits, one has
Γ●(hcX ) ≅ coker(Γ●(hZ )↣ Γ●(hP )) ≅ coker(hacdpZ,+ (Fq) ↣ hacdpP,+ (Fq))
≅ coker(h
Z,+
(Fq)↣ hP,+(Fq)) ≅ coker(Z(Fq)+ ↣ P (Fq)+) ≅X(Fq)+. (43)

Lemma 5.27. The strong monoidal exact functor Γ● ∶ C (Fq) → Set● restricts to a strong
monoidal exact functor Γω● ∶ C ω(Fq)→ FSet●.
Proof. Since C ω(Fq) is a full symmetric monoidal Waldhausen subcategory in C (Fq), the
statement of the lemma follows from the existence of the restriction Γω● .
Recall Example 2.1, since Γ● commutes with pushouts, it suffices to show that Γ● restricts
to a functor Γ0● ∶ C 0(Fq) → FSet●, in order to induce a strong monoidal exact functor Γω● ∶
C ω(Fq) → FSet●, which is a result of (43). 
Corollary 5.28. The functor Γω● induces a morphism of commutative ring spectra
Γ● ∶ K (C ω(Fq))→ S,
that sends a point in the component [hc
X
] to a point in the component [X(Fq)+], for every Fq-
scheme X . Hence, the motivic measure (34) factorises the classical motivic measure of counting
rational points over Fq as µ# = π0(Γ●) ○ µcdp .
The homomorphism πn(Γ●), for n ≥ 1, might be thought of as higher point counting measures.
Remark 5.29. This argument applies for any base scheme S in Noe
fd
and for any τ -point
(u∗, u∗) on Prop/S, whenever the stalks functor u∗● restricts to a functor C ωτ (S)→ FSet●.
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Corollary 5.30 ([Cam17, Prop.5.21]). The composition Γω● ○ υFq ∶ FSet● → FSet● is an exact
equivalence of Waldhausen categories, where υFq is the exact functor υCω(Fq) in (1). Thus,
the map of spectra K(Γω● ○ υFq) ∶ S → S is a homotopy equivalence, and hence the spectrum
K (C ω(Fq)) splits through S. That is, K (C ω(Fq)) ≅ S ∨ K˜(C ω(Fq)), where K˜(C ω(Fq)) is a
cofibre of K(υFq).
Appendix A. Grothendieck Sites
A Grothendieck topology is a generalisation of topological coverings to abstract categories,
which enables the development of cohomology theories on abstract categories.
In this section, we recall some results on Grothendieck sites used in the paper. Interested
readers may consult [Joh02], [MLM92], and [KS06].
Throughout this section, let C be a locally small category. A sieve S on an object U ∈ C is
an inclusion S ⊂ h
U
∶ C op → Set. For a set U of morphisms with a common codomain in C .
For a sieve S on U ∈ C and for a morphism ϕ ∶ V → U in C , there exists a sieve ϕ∗S on V ,
given on an object W ∈ C by ϕ∗S(W ) ∶= {ψ ∶W → V in C ∣ ϕ ○ ψ ∈ S(W )}, and it is called the
restriction of S along ϕ.
A (Grothendieck) topology τ on the category C is a set τ = {Covτ (U) ∣ U ∈ C }, in which
Covτ (U) is a set of sieves on U , for every object U ∈ C , subject to the maximal sieve, stabil-
ity, and transitivity9 axioms, as in [MLM92, §.III.2.Def.1]. Then, the pair (C , τ) is called a
(Grothendieck) site, and a sieve S on U ∈ C is called a τ -covering sieves if it belongs to Covτ(U).
Moreover, when C is essentially small, the site (C , τ) is said to be essentially small.
Example A.1. A sieve is said to be effective epimorphic if it forms a colimit cocone, and it is
said to be universally effective epimorphic if all its restrictions are effective epimorphic. Every
category C admits a topology whose covering sieves are universally effective epimorphic sieves,
called the canonical topology on C , see [Joh02, p.542-543]. A topology that is contained in the
canonical topology is said to be subcanonical.
The intersection of topologies on C is a topology on C . Hence, given a set S of sets of sieves
on C , the intersection of all topologies on C that contain S is a topology on C , called the
topology generated by S . In some occasions, it may be simpler to specify topologies in terms
of sets of morphisms that generate them, as in §.A.3.
In particular, when C has fibre products, it is usually convenient to specify a topology by
a Grothendieck pretopology that generates it. A Grothendieck pretopology on C is a set τ =
{Covτ(U) ∣ U ∈ C }, in which Covτ(U) is a set of families of morphisms with a common codomain
that satisfies closure conditions similar to those of a topology, see [MLM92, §.III.2.Def.2]. A
family U in Covτ(U) is called a τ -covering family of U . Also, the unique element of a singleton
τ -covering family of U ∈ C is called a τ -cover of U .
A refinement of a family of morphisms U = {σα ∶ Uα → U ∣ α ∈ A} is a pair (f,U ′) of a map
f ∶ A′ → A and a family of morphisms U ′ = {σ′α′ ∶ U ′α′ → U ∣ α′ ∈ A′} such that σ′α′ factorises
through σf(α), for every α
′
∈ A′.
Definition A.2. Assume that C has fibre products. A pretopology τ on C is said to be
saturated if every family of morphisms in C with a common codomain that admits a refinement
by a τ -covering family is a τ -covering family. Assume that C admits finite coproducts, the
9The transitivity axiom is also referred to by the local character axiom, as in [Joh02, §.C.2.1.p.541].
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pretopology τ is said to be additively-saturated if for every τ -covering family U = {σα ∶ Uα →
U ∣ α ∈ A}, the set A is finite and the singleton {∐α∈A σα ∶ ∐α∈A Uα → U} is a τ -covering family.
Every pretopology admits a saturation, that is a pretopology in which covering families are
precisely families that admit refinements in the given pretopology, see [Vis08, Def.2.52 and
Prop.2.53]. Also, additive-saturations are defined similarly.
In practice, the pretopologies one considers are almost never saturated, and their saturations
allow redundant covering families that does not reflect the intended properties of the topology.
For example, for a pretopology τ on C and a τ -covering family U = {σα ∶ Uα → U ∣ α ∈ A}, the
set U ⊔{f} is a covering family in the saturation of τ , for any morphism f ∶ V → U in C . It is
often more practical to consider additively-saturated pretopologies, as in Example A.14.
Every pretopology generates a topology, and different pretopologies may define the same
topology. In particular, a pretopology and its (additive-)saturation define the same topology.
For a pretopology τ , we may abuse notation and use τ to also denote the topology it defines.
A.1. The Category of Sheaves. A functor P ∶ C op → Set is called a presheaf of (small) sets
on C , the functor category Fun(C op,Set) is called the category of presheaves on C , and it is
usually denoted by PSh(C ). For a topology τ on C , a presheaf P ∶ C op → Set is said to be
a τ-separated presheaf, a τ-weak sheaf, or a τ-sheaf if for every object U ∈ C and for every
τ -covering sieve S on U , the canonical map
ι∗S ∶ PSh(C )(hU , P )→ PSh(C )(S,P ), (44)
induced by the inclusion ιS ∶ S ↪ hU , is injective, surjective, or bijective, respectively. The full
subcategory in PSh(C ) of τ -sheaves on C is usually denoted by Shvτ(C ).
When C is essentially small, the subcategory of τ -sheaves on C is a Cartesian reflective
subcategory in the category of presheaves on C , i.e. the inclusion Shvτ (C ) ↪ PSh(C ) admits
a left adjoint10 which is left exact, called the τ -sheafification functor or the associated τ-sheaf
functor, and it is denoted by −aτ , see [Bor94, Th.3.3.12]. For a presheaf P on C , there exists a
τ -separated presheaf P +τ , given for an object U ∈ C by the filtered colimit
P +τ (U) ∶= colim PSh(C )(iU(−), P ),
where iU ∶ Covτ (U) ↪ PSh(C ) is the canonical such inclusion, and Covτ(U) is consider as a
preordered category. Then, the associated τ -sheaf P aτ can be given by P aτ ∶= P +τ+τ , see [Bor94,
§.3.3]. Alternatively, to a presheaf P one defines a τ -separated presheaf P sτ , given on an object
U ∈ C by the quotient P sτ (U) ∶= P (U)/ ∼, where ∼ is the relation on P (U), with p ∼ p′ for
p, p′ ∈ P (U) if and only if there exists a τ -covering sieve on which the restrictions of p and p′
coincide, and given on morphisms by the universal property of quotients. Then, the associated
τ -sheaf P aτ can be given by P aτ ∶= (P sτ )+τ , see the proof of [Vis08, Th.2.64.(ii)]. For a section
p ∈ P (U), we denote its image in P sτ (U) (resp. P aτ (U)) by ps (resp. pa).
The subcategory of τ -sheaves on C is closed under limits in the category PSh(C ), and hence
it is a complete category, whose limits are given object-wise. In fact, when C is essentially
small, the category of τ -sheaves on C is a bicomplete category, whose colimits are given by
the τ -sheafification of colimits in the category of presheaves, that the τ -sheafification functor
preserves colimits.
10A left adjoint to an inclusion functor is called a reflector.
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Remark A.3. Giving a topology on an essentially small category C is a way of formally
declaring specific cocones to be colimit cocones in the resulting category of sheaves. Recall
that the category PSh(C ) is the free cocompletion for C , and hence it formally adds all small
colimits, forgetting the colimits that already exist in C . The sheaf condition (44) shows that
the cocone of a covering sieve is mapped into a colimit cocone in the category of sheaves. That
is, for a topology τ on C , for a τ -sheaf Q on C , and for a τ -covering sieve S on U ∈ C , one has
Shvτ (C )(colim(haτ− πS),Q) ≅ PSh(C )(colim(h− πS),Q) ≅ PSh(C )(S,Q)
≅ PSh(C )(h
U
,Q) ≅ Shvτ (C )(haτU ,Q),
where πS ∶ El(S) → C is the canonical projection functor from the category of elements El(S),
and hence colim(haτ− πS) is isomorphic to haτU in Shvτ (C ). In particular, the canonical topology
is the coarsest topology that retrieves universal colimits cocones that exist in C .
A.1.1. Local Epimorphisms, Monomorphisms, and Isomorphisms. For a topology τ on an es-
sentially small category C , a morphism of presheaves is said to be a τ-local epimorphism (resp.
τ-local monomorphism, resp. τ-local isomorphism) if its τ -sheafification is an epimorphism
(resp. a monomorphism, resp. an isomorphism). In particular, epimorphisms (resp. monomor-
phisms) are τ -local epimorphisms (resp. τ -local monomorphisms), that the τ -sheafification
functor preserves epimorphisms for being a reflector and preserves monomorphisms for being
left exact. Moreover, the category Shvτ(C ) is a reflective localisation of PSh(C ) with respect
to τ -local isomorphisms.
Example A.4. The component of the τ -sheafification adjunction unit is given for a presheaf
P by a morphism ητP ∶ P → P aτ in PSh(C ) for which there exists a bijection
ητP
∗ ∶ PSh(C )(P aτ ,Q) → PSh(C )(P,Q),
for every τ -sheaf Q ∈ Shvτ (C ) ⊂ PSh(C ), and hence ητP is a τ -local isomorphism.
Example A.5. The set of τ -local epimorphisms on C determines the topology τ on C . The
discrete (resp. indiscrete) topology on an essentially small category C is the topology τ on C
whose τ -local epimorphisms are all morphisms (resp. all epimorphisms), see [KS06, Ex.16.1.9].
While morphisms of τ -sheaves that are object-wise surjective are epimorphisms of τ -sheaves,
the inverse does not hold as one may deduce from the following lemma.
Lemma A.6. Let C be an essentially small category with pullbacks, let τ be a pretopology
on C , and let f ∶ P →Q be a morphism of presheaves on C . Then, f is
● a τ -local epimorphism if and only if for every object U ∈ C and for every section
q ∈ Q(U), there exists a τ -covering family U = {σα ∶ Uα → U ∣ α ∈ A} and a section
pα ∈ P (Uα) such that σ∗α(q) = fUα(pα), for every α ∈ A; and
● a τ -local monomorphism if and only if for every object U ∈ C and for every pair of
sections p, p′ ∈ P (U) for which fU(p) = fU(p′) ∈ Q(U) there exists a τ -covering family
U = {σα ∶ Uα → U ∣ α ∈ A} such that σ∗α(p) = σ∗α(p′), for every α ∈ A.
Proof. See [Jar15, Lem.3.16]. 
A.2. Continuous Functors. Let (C , τ) and (D , ς) be essentially small sites. A functor f -1 ∶
D → C induces a functor f∗ ∶ PSh(C ) → PSh(D), given by precomposition with (f -1)op,
which is called the direct image functor along f
-1
. The functor f∗ admits a left adjoint f
∗
pre ∶
PSh(D) → PSh(D), given by a left Kan extension Lan(f -1)op . The functor f -1 ∶ D → C is said
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to be continuous, with respect to the topologies τ and ς , if f∗ sends τ -sheaves to ς-sheaves. For
a continuous functor f
-1
, there exists an adjunction f∗ ∶ Shvς(D) ⇄ Shvτ(C ) ∶ f∗, where f∗ is
given by the composition of f∗pre with the associated τ -sheaf functor −aτ , and it is called the
inverse image functor along f
-1
.
Since the category of sheaves on an essentially small site is a reflective localisation of the
category of presheaves with a left exact reflector, the functor f
-1
is continuous if and only
if f∗pre preserves local isomorphisms. Also, the functor f
-1
is continuous if and only if the
sieve generated by f
-1(S) is a τ -sieve in C , for every ς-sieve S in D , see [Joh02, §.C.2.3]. In
particular, when f
-1
is a Cartesian functor between Cartesian categories and the topologies τ
and ς are defined by pretopologies, the functor f
-1
is continuous if it preserves covering families,
see [SGA73, §.III.Prop.1.6].
In addition to the notion of continuous functors, we need to recall the notion of almost
cocontinuous functors, which admits a well-behaved direct image.
Definition A.7 ([Sta17, Tag 04B7]). Let C and D be essentially small categories with pull-
backs, and let τ and ς be pretopologies on C and D , respectively. A functor f
-1 ∶ D → C
is said to be almost cocontinuous if for every object V ∈ D and for every τ -covering family
U = {σα ∶ Uα → f -1(V ) ∣ α ∈ A} there exists a ς-covering family V = {δβ ∶ Vβ → V ∣ β ∈ B} such
that for every β ∈ B either
(1) the morphisms f
-1(δβ) factorises through σα, for some α ∈ A; or
(2) the empty sieve is a τ -covering sieve on f
-1(Vβ).
Lemma A.8. Assume that C and D are essentially small categories, let τ and ς be pretopologies
on C and D , respectively, and let f
-1 ∶ D → C be a continuous and an almost cocontinuous
functor,with respect to the pretopologies τ and ς . Then, the direct image functor f∗ ∶ Shvτ(C ) →
Shvς(D) commutes with pushouts.
Proof. See [Sta17, Tag 04B9]. 
A.2.1. Points of Sites. A point p of a site (C , τ) is an adjunction p∗ ∶ Shvτ (C ) ⇄ Set ∶ p∗, in
which p∗ is left exact. The inverse image functor p∗ is called the stalks functor at p, whereas
the direct image functor p∗ is called the τ-skyscraper sheaf functor at p.
Points of an essentially small site (C , τ) correspond to flat functors C → Set that are contin-
uous, with respect to τ and the canonical topology on Set, see [MLM92, §VII.5.Cor.4]. Recall
that a functor u ∶ C → Set is flat if and only if its category of elements El(u) is cofiltered, see
[MLM92, §.VII.6.Th.3]. On the other hand, since the category Set is cocomplete, every functor
u ∶ C → Set induces the u-tensor-Hom adjunction
−⊗C u ∶ PSh(C )⇄ Set ∶ HomC (u,−),
given by left Kan extensions of u and the Yoneda embedding along each other, see [Kan58, §.2].
Since there exists a canonical equivalence of categories Set ≅ Shvcan(Set), a functor u ∶ C → Set
is continuous, with respect to τ and the canonical topology on Set, if the geometric morphism
−⊗C u ∶ PSh(C ) ⇄ Set ∶ HomC (u,−) factorises through the τ -sheafification geometric morphism
PSh(C )⇄ Shvτ(C ), i.e. if HomC (u,S) is a τ -sheaf for every set S ∈ Set and the τ -sheafification
morphism ηP ∶ P → P aτ is mapped to an isomorphism by −⊗C u, for every presheaf P ∈ PSh(C ),
see [MLM92, §.VII.5.Lem.3] and [Joh02, §.C.Lem.2.3.8].
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A.3. Grothendieck Topologies in Algebraic Geometry. We conclude this section by re-
calling the topologies used in this paper and some results on their representative sheaves. For
an elaborative treatment of topologies used in algebraic geometry, see [GK15].
A finite family of morphisms U = {σα ∶ Uα → U ∣ α ∈ A} in Noefd is said to be a proper
covering family of U , if
● the morphism σα is proper for every α ∈ A; and
● U is jointly surjective, i.e. the underlying map of the coproduct morphism ∐α∈A σα ∶
∐α∈AUα → U is a surjection of sets.
A proper covering family {σα ∶ Uα → U ∣ α ∈ A} is said to be a cdp-covering family if it is
completely decomposed, i.e. for every u ∈ U there exist α ∈ A and uα ∈ Uα such that σα(uα) = u
and the induced morphism of residue fields κ(u) → κ(uα) is an isomorphism11. The proper
(resp. cdp12) pretopology on the category Noe
fd
is the pretopology whose covering families are
● the proper (resp. cdp) covering families in Noefd ; and
● the empty covering family of the empty scheme.
In particular, the cdp-pretopology is coarser than the proper pretopology, and finer than the
closed pretopology in which nonempty covering families consist of closed immersions.
Remark A.9. Let U ∶= {σα ∶ Uα → U ∣ α ∈ A} be a proper covering family in Noefd . Then, U
is a cdp-covering family, if and only if, for every field k, the map
(∐
α∈A
σα)∗ ∶ Noefd(Speck, ∐
α∈A
Uα)→ Noefd(Speck,U)
is surjective. Thus, the cdp-topology coincides with the envelop topology, used in [GS09].
For every scheme S ∈ Noe
fd
, the proper, the closed, and the cdp-pretopologies restrict to the
categories Sch
ft/S and Prop/S. The closed pretopology is not subcanonical on Schft/S, and hence
the cdp-pretopology, and the proper pretopology are not subcanonical. That is, a surjective
closed immersion i ∶ z ֒ XÐ→ x is a closed cover of x ∈ Schft/S. However, i∗ ∶ h
z
(x) → h
z
(z) is not
always a bijection. For example, let S = Speck for a field k, and let i be the surjective closed
immersion Speck[t]/(t2) ֒ XÐ→ Speck[t]/(t3) in Schft/S.
A.3.1. Completely Decomposed Structures.
Definition A.10. Suppose that x is an S-scheme. A Cartesian square
b y
a x
⌜
f ′ f
Ò
i
Ò
i′
(45)
in Sch
ft/S is called a cdp-square13 over x if f is a proper morphism and i is a closed immersion,
such that the base change (y ∖ i′)→ (x ∖ i) is an isomorphism.
11This condition is also referred to by the Nisnevich condition, as it first appeared in [Nis89].
12The notation cdp appears in [GK15], but some authors use pro cdh instead; others use abs in reference to
abstract blow up squares.
13Some sources refer to the square (45) by an abstract blow up square, as in [MVW06, Def.12.21]; others
reserve the term for a square that satisfies additional properties, as in [SV00, Def.2.2.4].
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Lemma A.11. The cdp-topology on the category of S-schemes coincides with the Grothendieck
topology generated by the covering families
● {f ∶ y → x, i ∶ a ֒ XÐ→ x}, for every pair of morphisms f ∶ y → x and i ∶ a ֒ XÐ→ x that fit
into a cdp-square in Sch
ft/S; and
● the empty covering family of the empty S-scheme.
Equivalently, a presheaf of sets P ∈ PSh(Schft/S) is a cdp-sheaf if and only if
● P sends every cdp-square to a Cartesian square; and
● P sends the empty S-scheme to a terminal set.
Proof. See [Voe10a, Cor.2.17] and [Voe10b, Th.2.2]. 
Proposition A.12. The cdp-sheafification of the Yoneda embedding takes every cdp-square of
S-schemes to a cocartesian square of cdp-sheaves on Sch
ft/S.
Proof. See [Voe10a, Lem.2.11 and Cor.2.16] and [Voe10b, Th.2.2]. 
The analogue of Lemma A.11 and Proposition A.12 holds on Prop/S, see [Voe10b, Lem.2.3].
A.3.2. Representable Sheaves. For canonical sites, representable presheaves are sheaves, and
morphisms between representable sheaves correspond to morphisms in the original category.
Since the pretopologies we are interested in here are not subcanonical, we devote this section
to understanding morphisms between their representable sheaves on the categories Sch
ft/S and
Prop/S. The argument below essentially follows [Voe96, §.3.2].
Remark A.13. For every (proper) S-scheme p, the representable presheaf h
p
is additive, by
the very definition of colimits, i.e. for (proper) S-schemes z and w, the canonical morphism
h
p
(z∐w) → hp(z) × hp(w) is an isomorphism. Also, the τ -sheaf haτp is additive for every pre-
topology τ on (proper) S-schemes that is finer than the closed pretopology. For an additively-
saturated pretopology τ on the category of (proper) S-schemes that is finer than the closed
pretopology, and for a τ -covering family U = {σα ∶ zα → z ∣ α ∈ A} of (proper) S-schemes, one
has a τ -covering family
U ′ ∶= {∐
α∈A
σα ∶ ∐
α∈A
zα → z}
of (proper) S-schemes. The additivity of h
p
and h
aτ
p
implies that sections of h
p
and h
aτ
p
on U
correspond to their sections on U ′. Thus, without loss of generality, when considering the
presheaves h
p
and h
aτ
p
, one may assume the involved τ -covering families are singletons.
Example A.14. Additively-saturated pretopologies on the category of (proper) S-schemes,
that are finer than the closed pretopology, include:
(1) the proper pretopology, see [Sta17, Tags 01T1, 01KH, and 0BX5];
(2) the cdp-pretopology, see Remark A.9; and
(3) the finite pretopology (resp. cdf -pretopology), which is coarser than the proper pre-
topology (resp. cdp-pretopology), whose nonempty covering families consist of finite
morphisms, see [Sta17, Tag 0CYI].
While the proper pretopology (resp. cdp-pretopology) on the category Prop/S is saturated,
as morphisms between proper S-schemes are proper, its counterpart on the category Sch
ft/S is
not saturated. Also, the finite pretopology, and the cdf -pretopology are not saturated on the
category of (proper) S-schemes.
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Lemma A.15 ([Voe96, Lem.3.2.2]). Assume that τ is an additively-saturated pretopology on
(proper) S-schemes that is finer than the closed pretopology, such that τ -covers are surjective,
and let p and q be S-schemes, such that p is reduced. Then,
● the canonical map Schft/S(p, q)→ Shvτ (Schft/S)(haτp ,haτq ) is an injection; and
● when p and q are proper S-schemes, the canonical map
Prop/S(p, q)→ Shvτ (Prop/S)(haτp ,haτq )
is an injection.
Proof. Assume that f0, f1 ∶ p → q are morphisms of (proper) S-schemes such that f0,∗ = f1,∗ ∶
h
aτ
p
→ haτ
q
. Then, in particular, for the section ida
p
∈ h
aτ
p
(p), one has (f0,∗(idp))a = (f1,∗(idp))a,
and hence there exists a τ -cover σ ∶ z → p such that f0 ○ σ = σ∗(f0,∗(idp)) = σ∗(f1,∗(idp)) =
f1 ○ σ ∈ hq(z). Since p is reduced and τ -covers are surjective, a diagram chase shows that σ is
an epimorphism in the category of (proper) S-schemes, and hence f0 = f1. 
Proposition A.16 ([Voe96, Prop.3.2.5]). Assume that τ is an additively-saturated pretopology
on (proper) S-schemes, and let f ∶ p→ q be a morphism of (proper) S-schemes. Then,
(1) the morphism f∗ ∶ haτp → h
aτ
q
is an epimorphism if and only if f is a cover in the saturation
of τ ; and
(2) assuming that τ is finer than the closed pretopology and that τ -covers are surjective,
the morphism f∗ ∶ haτp → h
aτ
q
is a monomorphism if and only if f is universally injective.
Proof.
(1) Assume that f is a cover in the saturation of τ , i.e. there exists a morphism σ′ ∶ p′ → p
of (proper) S-schemes such that σ ∶= f ○ σ′ is a τ -cover. The morphism σ∗ ∶ hp′ → hq
is a τ -local epimorphism because it factorises as an epimorphism h
p′
→ imσ∗ followed
by the inclusion imσ∗ ⊂ hq of the τ -covering sieve generated by σ. Thus, the morphism
f∗ ∶ hp → hq is a τ -local epimorphism, and hence the morphism f∗ ∶ h
aτ
p
→ haτ
q
is an
epimorphism of τ -sheaves.
On the other hand, assume that f∗ ∶ haτp → h
aτ
q
is an epimorphism of τ -sheaves, i.e.
f∗ ∶ hp → hq is a τ -local epimorphism. For idq ∈ hq(q), there exists a τ -cover σ ∶ w → q
and a section a ∈ h
p
(w) such that f ○ a = f∗(a) = σ∗(idq) = σ, by Lemma A.6. Thus, the
morphism f is a cover in the saturation of τ .
(2) The proof of the if implication essentially follows [And17], which corrects a mistake in
the proof of [Voe96, Prop.3.2.5.(i)].
Assume that f ∶ p → q is universally injective, let z be a (proper) S-scheme, and let
a0 and a1 be sections in hp(z) such that f ○ a0 = f∗(a0) = f∗(a1) = f ○ a1. Consider the
commutative solid diagram
p ×q p
z
p
p q
⌜
a0
a1
f
f
λ
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of (proper) S-schemes, and let λ ∶ z → p ×q p be the unique such morphism that makes
the whole diagram commute. Since f ∶ p → q is universally injective, the diagonal
morphism ∆
f
∶ p → p ×q p is a surjective closed immersion, by [Sta17, Tag 01S4]. Let
i ∶ z
red
֒ XÐ→ z be the close immersion of the maximal reduced closed subscheme in z. The
morphism i is a τ -cover, as the τ -pretopology is finer than the closed pretopology. The
morphism λ○i factories through every surjective closed immersion to p×qp, in particular,
it factorises through the diagonal morphism ∆
f
, which implies that a0 ○ i = a1 ○ i. Thus,
the morphism f∗ ∶ hp → hq is a τ -local monomorphism, by Lemma A.6, and hence the
morphism f∗ ∶ haτp → h
aτ
q
is a monomorphism of τ -sheaves.
On the other hand, assume that f∗ ∶ haτp → h
aτ
q
is a monomorphism of τ -sheaves, and
consider the commutative diagram
p ×q p
p
p
p q
⌜
idp
idp
f
π1
π0 f
∆
f
(46)
of (proper) S-schemes. Recall that both the Yoneda embedding and the τ -sheafification
functor preserve finite limits. In particular, the morphisms π0,∗ and π1,∗ are base
changes of f∗ along itself, and hence they are monomorphisms of τ -sheaves. In fact,
the morphisms π0,∗ and π1,∗ are isomorphisms of τ -sheaves, as idp,∗ is an epimorphism
of τ -sheaves and the category of τ -sheaves of sets is a balanced category. Thus, ∆f,∗ is
an epimorphism of τ -sheaves, and hence ∆f is a cover in the saturation of τ , by (1). In
particular, ∆f is surjective, and hence f is universally injective, by [Sta17, Tag 01S4].

Corollary A.17. Let τ be an additively-saturated pretopology on the category of (proper)
S-schemes that is finer than the closed pretopology and coarser than the proper pretopology,
and let f ∶ p → q be a morphism of (proper) S-schemes. Then, the morphism f∗ ∶ haτp → h
aτ
q
is
an isomorphism only if the morphism f is a universal homeomorphism.
Proof. Assume that f∗ ∶ haτp → h
aτ
q
is an isomorphism, then f is a universally injective cover in
the saturation of τ , by Proposition A.16. In particular, there exists a morphism σ′ ∶ p′ → p
of (proper) S-schemes such that σ ∶= f ○ σ′ is a τ -cover. Since τ is coarser than the proper
pretopology, the morphism σ is surjective and universally closed, and hence a universal topo-
logical epimorphism14. This implies that f is also a universal topological epimorphism, and
hence every base change of f is both an injection and a topological epimorphism. That is the
underlying continuous map of every base change of f is a monomorphism and an extremal
epimorphism in the category of topological spaces, and hence a homeomorphism, see [Nak89,
§.2.6-§.2.9]. Therefore, f is a universal homeomorphism. 
14A (universal) topological epimorphism f is a morphism of schemes for which the underlying continuous
map (of every base change) of f is a quotient map, see [Voe96, §.3.1].
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Remark A.18. In the sequel, we restrict our attention to additively-saturated pretopologies
on the category of proper S-schemes that are finer than the cdf -pretopology and coarser than
the proper pretopology.
Example A.19. Pretopologies on the category of proper S-schemes that satisfy the assump-
tions of Remark A.18 include the finite pretopology, the cdf -pretopology, the proper pretopol-
ogy, and the cdp-pretopology.
Proposition A.20. Let τ be a pretopology on Prop/S as in Remark A.18, and let f ∶ p → q be
a morphism of proper S-schemes. Then, the morphism f∗ ∶ haτp → h
aτ
q
is an isomorphism if and
only if f is a universal homeomorphism.
Proof. Since the cdf -pretopology is finer than the closed pretopology, the only if implication is
the statement of Corollary A.17.
Assume that f is a universal homeomorphism. Then, f is a surjective universally injective
finite morphism, by [Gro65, Prop.2.4.5]. In particular, for every field k, the induced map
f∗ ∶ Noefd(Speck,P )→ Noefd(Speck,Q)
is an injection, by [Sta17, Tag 01S4], where P and Q are the underlying schemes for p and q,
respectively.
For a field k, let y ∶ Speck → Q be a morphism of schemes, and consider the Cartesian square
Z P
Speck Q
⌜
f f
y
y
in the category Noe
fd
. The morphism f is a finite universal homeomorphism, and hence Z is
a one-point scheme SpecR and f is induced by a finite ring homomorphism ψ ∶ k ↪ R, to a
local ring R of Krull dimension zero. Let m be the maximal ideal of R, and let κ ∶= R/m. Then,
the induced homomorphism k ↪ κ is a finite field extension. Assuming that [κ ∶ k] ≠ 1, there
exist distinct ring homeomorphisms κ → κ over k, which contradicts with f being universally
injective. Thus, one has [κ ∶ k] = 1, i.e. the residue field of Z at its unique point is isomorphic
to k. Hence, y lifts along f , and f∗ is surjective for every field k. Therefore, f is a cdf -cover
that is universally injective, and hence a universally injective τ -cover. Therefore, the morphism
f∗ ∶ haτp → h
aτ
q
is an isomorphism, by Proposition A.16. 
Example A.21 ([Voe96, Lem.3.2.1]). Let τ be a pretopology on Prop/S as in Remark A.18,
and let i ∶ z ֒ XÐ→ p be a surjective closed immersion of proper S-schemes. Then, the morphism
i∗ ∶ haτz → h
aτ
p
is an isomorphism. In particular, for the closed immersion of the maximal reduced
closed subscheme i ∶ p
red
֒ XÐ→ p, the morphism i∗ ∶ haτp
red
→ haτ
p
is an isomorphism.
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